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TO DELIVER YOU'FKOM TH® PRELIMIMEy 
TEERQBS. ^ ' 

Thk prelimi]:iav)r terror, which chokes off most fifth- 
form boys from even attempting to learn how to 
calculate, can abolished once for all by simply stating 
what is the meaning — in commoit-sense terms—^f the 
two principal Igymbols that are used in calcuUting, 

These dreadful syndxils are : 

(1) d which merely means little bit oV* 

Thus dx means a little bit of or dii means a 
little bit of u Ordinary mathematicians think it 
nUfe’WliWto say '*an element of,” instead of “ a little 
bit ol” Just aS you please. But you will find that 
these little bits (or elements) may be^ionsidered to be 
in4efinitely small 

(2) I • Which IS merely a long 8y aipd majf bellied 
(if you like) ** the sum of.” 

Thus ^dx means the sum of all tlie little bits 
of a? » or \dt means the sup of all the little bits, 
of U Ordinaiy inath^na^icians call tllis symbol “ the> 

n aii.a a 



z cALouii^s umm easy 

mtegral ofc*' KoW^ anji fool ^ see that if a? is 
consid^re^ "as made up of a lo| ^^Jiittle ^its, each of 
whiciais called dx, if you all up together 

you get the sum of iRl the WB, ^fwKich ik the same 
thing as the^whole of a?), Tw'^ited ihtegnd simply 
means “ the whola" " If you^jjifeik of thi^ii^uration 
of time for one hour, you nin|^ you like) ihink of 
it as cut up into 3600 little sHBIdled second^ The 
whole of the 3600 little bits SUfttip tosrether make 
01 ^ hour. 

.Wlieii«yc^ an expressioiK^thal' begins with this 
terrifying symbol, you will henc^fotib know that it 
is put there merely to give that you 

are now to perform the operation" (i^ ydn can) of 
totalling up all the little bits Chat mpa. iitdicated by 
tlie ^symbols that follow. 

That’s all 



GHTTER li; 

ON DIFFESEimOBSES OF SMALLNESS. 

We shall find processes o£ calculation jure 

have to deal with flh&ll quantities of various defn^ees 
of smallness, jk * 

We shall havepll^to learn under what circumstances 
we may<|^ll^pai<i^«>|mall quantities to be so minute 
that we tjUjgrj^ilR them from consideration. Every- 
thing depflitdti %0ii Relative minuteness. 

rules let us think of some 
familiar casei^ There are 60 minutes in the hour, 
24 hours in the day, 7 days in the week. There are 
thlSle^ore n40 ifiinutes in the day and 10080 minutes 
in the week. 

Obviously 1 minute is a very snfhll quantity of 
time compared with a virhole week. Indeed, our 
forefathers considered ft small as compare^ with an 
hour, and called it “bno miniite,” meaning a minute 
fraction — namely one sixtieth — of on hour. When 
they came to require still smaller subdivisions of time, 
they divided each minute into 60 still smaller parts, 
which, in Queen Elizabeth’s days, they called “secopdj 
minht^ ” (i.e., small qi^antities of the^econd order of 
minuteaess). Nowadays we call these small quantities 
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of the second order of Atiallness " seconds.” But-few 
people know why they are so called, 

N 6 ^ if one minute^is so small as compared with a 
whole day^ how much smaller by copiparison is one 
second ! 

Again, think of a farthing as compared with a sove- 
reign : it is worth only a li£Ue more than 
A farthing more or less iB of precious little importance 
compared with a sovereign : it may certainly be re- 
garded 08 a small quantity. But compare a farthing 
wjth £ 1000 : •relatively to this greater sum, the 
farthing is of no ii^pre importance than 
farthing would be to a sovereign. Even a golden 
sovereign is relatively a negligible quantity in the 
wealth of a millionaire, • 

>low if we lix upon any numerical fraction as 
constituting the proportion Which for any purpose 
we call relatively ^sinall, we can easily state other 
fractions of a higher degree of sinallnesa 5 » Thu«rif, 
for the purpose of time, ^ be called a small fraction, 
then gV (being a small fraction of a small 

fraction) may be regarded as a small quantity of tfie 
second order of smallness.* 

Or,<f for any purpose we were to take 1 per cent 
a STnall fraction, then 1 per cent, of 
1 per c 8 nt be a small fraction 

of the second order of smallness ; and — - would 

. r 

* * The mathemaU^aas talk abont the aeoond order of ** magnitude ” 
(t.€. ^reatnen) when they really meap aeoond order of maUneu. 
This IS very oonfuaing to begiooera. 



different degrees df smallness 

A' 

be ^ small fraction of the third order of smallness, 
being 1 per cent, of 1 per cent-of 1 per cen^ 

Lastly, suppose that for some very precise pKtrpose 
we should regard ^.oooVdoo ^ ‘‘small.** tThus, if a 
first-rate chronometer is not to lose or ga^ more than 
half a minute in a year, it must Jceep time with an 
accuracy of 1 part in 1,051,200. Now if, for such a 
purpose, we regard (or one millionth) as a 

small quantity, then ’ of that is, 

175^ 0.0 o J.o 0 0 . Vo o' (or <^"6 billionth) will be a small 
quantity of the second order of smaUness, and may 
be utterly disregarded, by comparison. • • 

that the smaller lamall quantity itself 
is, the more hi^ligible does the corresponding small 
quantity of the second order become. Hence we 
know that %n aU cases we (we jv>st%jied in neglecting 
the small quantities' of the second — or third' (oi’ 
higher) — orders, if only we take the small quantity 
of the first order small enough in Itself. 

^ut it must be remembered that small quantities, 
if they occur in our expressions as factors multiplied 
by some other factor, may become finportant if the 
other factor is itself large. Even a farthing becomes 
important ^if only it is Jhultiplied by a few Ijun^red. 

Now in the calculTis we write dx for a little bit 
of X, These things such as dx, and du, an^ dy, are 
called “differentials,” the differentif^l^ of a?, or of w,. 
or of y, as the case may he. [You read them as. 
dee~eks, or dee-you, or dee-wp.] If /fa? be a small i)i( 
of X, and relatively sipall of itself, it^does not follow 
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that such quantiti^ BB^x^dx, or x^dx, or a*<fo?.are 
negligible. But dxxdx would be negligible, being a 
small quantity of the second order. 

A very simple example will serve as illustration. 

Let us think of it? as a quantity that can grow by 
a small amount sa as to become x+dx, where dx is 
the small increment added <by growth. The square 
of this is Qi?+2x>dx+idx)\ The second term is 
not negligible because it is a first-order quantity; 
while the third term is of the second order of small- 
ness, being bit of a bit of x. Thus if we took 
dx to moan numerically, say, second 

term would be of x^y whereas the third term would 
be ,j ^ of x\ This last term is clearly less important 
than the second. But if we go further and take 
dx to mean only secohd term 

will’ be of while the third term will be 

1.0 0 0 00 0 ^ 

ar 


X 


Fio. 1. 

Geometrically this may be depicted as follows: 
Draw a square (Fig. 1) the side of which we will 
take to represent £C. l!fow suppose the square to 
grow by having a bit dx added to its size ^ch 
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way. The enlarged square i& made up of "the origmal 
•square a?y the two rectangles *at the top and on the 
right, each of which is of aipa x^dic (or td^ether 
• dx)y and the little square at the top*right-hand 
corner which is {dx)\ In Fig. 2 we haveitaken dx as 


X dx 



Fia. 2. Fig. 8. 

quite a 'big fraction of x — about But suppose we 

had taken it only — about the thickness of an 

inlved line drawn with a fine j^en. Then the^little 
cwner square will liave an area of only — ~ of 
and Be px’actically in\ isiblc Clearly (dx)^ is negligible 
if only we consider the increment /fa? to be itself 
small enough. 

Let us consider a sii^le. 

Suppose! a inillionaiie were to say#to his* seefetary : 
next week I will give you a small fraction of any 
money tliat comes in to me. Suppose that the 
secretary were to say to his boy : I will give you a 
small fraction of what I gqt. Suppose the fraction 
in each case to bo ^hr Now i& Mr. Millionifir<5 

received during the ilext week £1000, the secretary 
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.would receive £10 anS the boy 2 shillings. Ten 
pounds would be a small quantity compared with 
£10()(f; but two shillings is a small small quantity 
indeed, of 'a very secondary order. But what would 
bo the dispc'oportion if the fraction, instead of being 
tJij-, had been settled at part? Then, while 

Mr. Millionaire got his £1000, Mr. Secretary w’oiild 
get only £1, and the boy ‘less than one farthing! 

The witty Dean Swift * once wrote : 

“ So, Naturalists observe, a Flea 
• “ HatH smaller Fleas that on him jjrey. 

“And these have smaller Fleas to bite ’em, 

“And so proceed ad infinitum,*^ 

An ox might worry about a flea of ordinary 
size — a small creature of the fifst order of smallness. 
But. he would probably not trouble himself about a 
flea’s flea; being of the second order of smallness, it 
would be negligible. Even a gross of fleas’ fleas 
would not bo of much account to the ox. 

’* On Pottiry; a Khfi^piody (p. 20), printed 1733 — usually misquoted. 



CHAPTER- HI. 

ON KELATIVE GROWINGS. 

# 

All through the calculus we are dealing with quan- 
tities that are growing, and with rates of growth. 
We classify all quantities into two dassesi conshwj/s 
and variables. Those which ve regard as of fixed 
value, and call constants, we generally denote alge- 
braically by letters fronl the beginning of the 
alphabet, such as of, h, or c; while those which wo 
consider as capable of growing, or (as mathematicians 
say) of “ varying,” we denote by letters from the end 
of the alphabet, such as x, y, z, u,, r, n\ or sometimes t. 

•AIoreoA^t^r, we are usually dealing with more than 
one Variablo at once, and thinking of the way in 
which one variable depends on the otjlier :*for instance, 
we think of the way in which the height reached 
by a projectile depends on the time of attaining that 
height. 0r,we are .asked to consider a rectAigle of 
given area, and to enquire how any increase in the 
length of it will compel a con'esponding decrease in 
the breadth of it. Or, we think of the way in wdiich 
any variation in the slope qf a ladder will cause tlie 
height that it reaches, to vary. 

Suppose we have* got two such variables that 
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* 

depend one on the other. An alteration in one Mdll 
bring jibout an alteration in the other, because of this 
dependence.^ Let us call one of the variables x, and 
the other that depends on it y. 

Suppose make to vary, that is to say, we 
either alter it or imagine it’ to be altered, by adding 
to it a bit which we call dx. We are thus causing x 
to become x+dx^ Then, because x has been altered, 
y wjll have altered also, and will have become y+dy. 
Hero the bit dy may be in sc'me cases positive, in 
others negative f and it won’t (except very rarely) be 
' the same size as dx. 

Take iwo exaviples. 

(1) Let X and y be respectivcjy tlie base and the 
height of a right-angled triangle (Fig. 4), ot which 



the slope of the other side is fixed at 30®. If W€ 
suppose ftiis triangle to expand and yet keep its 
angles the same as at first, then, when the base grows 
so as to become ^+dx, .the height becomes y+dy- 
6ere, increasing a? results in an increase of y. The 
little ti^iangle, the height of wlifch is dy^ and the base 
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of which is dx, is sinul^jboHhe original friangle ; and 

it is obvious tliat Use value of the ratio* is the 

dss> 

same ns that of the ratio K " As the angle is 80° it 
will be seen that here * 

^y- L n - « 

(2) Let X represent, in Fig 5, the horizontal dis- 
tance, from a wall, of the bottom end of a lad4<i>'> 



A By of fixed length; and let y thfe h^ght it 
readies up the wall. Now y clearly depends on ir 
It is easy to see that, if we pull the bottom end A a 
bit further from the wall, the top end B will come 
down a little lower. Let us state this in scientific 
language. If we increase a? to then y will 

IjBcbme y— dy; that *18, when x receives a positive 
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increment, the incremeift which results to is 
negative. ^ 

Yest *)ut how much ? Suppose the ladder was so 
long that when the bottom end A was 19 inches from 
the wall the^top end B readied just ih feet from the 
ground. Now', if you 'were to pull the bottom end 
out 1 inch more, how much l^vould the top end come 
down? Put it all into indies: a? =19 inches, // = 180 
inches. Now the increment of x which we call dXy 
is I'inch: or x + dx—20 inches 

How mycl^ will y be diminished ? The new heiglit 
. will be y — dj/. If we^work out the height by Euclid 
I. 47, then we sliall be able to find how ipuch dy will 
be. The length of the ladder is 

=181 inches. 

CleaHy then, the new height, which is y--dy, will be 
such that 

(y - dyy = (181)^- (20)2 =.32761-^ 400 = 32361 , 
y-^dy = sf 32361 = 179*89 inches. 

Now y is 180, so that dy is 180 — 179*89 = 0*11 inch. 

So we see that making dx an increase of 1 inch 
has resulted in making dy a decrease of 0*11 inch. 

And J^he ratio of dy to dx may be stated Uius : 
(/y_(Hl 
iix'^ 1 * 

It is also easy to see that (except in one particular 
position) dy will be of a d^ifferent size from 
• Now right tljrough the differential calculus we 
are hunting, hunting, hunting •for a curious thing, 
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♦ ^ 

a mere ratio, namely, the proportion which dy 
bears to dx when, both of them are indefi/iitely 
small. 

It should \xi noted here that we can only find 

du • 

this ratio ^ when y and x are related to each 

other in some way, so that whenever x varies y does 
vary also. For instance, fii the first example just 
taken, if the base x of the triangle be made longer, 
the height y of the triangle becomes greater also, 
and in the second example, if the distalic^ x of the 
foot of the ladder from the wali be made to increase, 
the heiglit y reached by the ladder decreases in a 
corresponding manner, slowly at first, but more and 
more ra<pidly as x becomes greater. In these cases 
the relation between x and y is perfectly definite, 

it can be expressed inathematicaHy, being = tan 30° 


and (where I is the length of the ladder) 

respectively, and has the meaning we found in 
each case. 

If, while X is, as before, the distance of the foot 
of the ladder from,., the wall, y ia^ instead tof the 
height reached, the horizontal length of the wall, or 
the number of bricks in it, or the number 'of years 
since it was built, any change in x would naturally 

cause no change whatever in y ; in' this case ^ has 

no meaning whatever", and it is not possible to find 
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an expreasi^for it. Wneneyer jure use differentials 
dx, etc., the existence of some kind of 

rela^ionoeTween x, ^ z, cJciris implied, and this 
relatldnT'Is called "a "function ^ in itv y, etc ; tlie 
two expressions given above, for instance, namely 

•' =tan30° and functions of x and y. 

X 

Such expressions Q(^|^in' implicitly (that is, contain 
without distinctly S&Owing iiy tlie means of expressing 
either x in terms of y or y in terms of x, and for 
this rcas6n ‘they are called implicit funciiovs in 
X and y; they can be^ respectively put into the forms 

and , y=VP-^ or 

Those last expressions state explicitly (that is, dis- 
tinctly) the value of* x in terms of y, or of y in terms 
of Xy and they are for this reason called ea^licit 
fnncftons of x or y. For example a:;^+3 = 2y — 7 is 
an implicit fundtion in x and y; it may be written 

?/ = ^ /t— (explicit function (pf x) or a; = /v/2y — 10 

(explicit function of y). We hee that an explicit 
function ^in x, y, z, etc., is simply something the 
value of which changes when x, //, s, etc., are 
changing, either one at the time or several together. 
Bevause of this, the valde of the explicit function is 
called .the dependerit variable^ as it depends on- the 
value of the other variable quantities in the function; 
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the^ other variables are* called th^ ^^i ^j^ependent 
.variables because their value is not ddSPH^ined from 
the value assumed the function. For eSfeftmple, 
if w=£f^sin0, X and 6 are the independent variables, 
and u is the dependent variable 

Sometimes the exact relation between several 


quantities Xy y, z either is not known or it is not 
convenient to state it, it^is o^ y known, or con- 
venient to state, that there is'^PIne sort of relation 
between these variables, so that One cannot alter 
either x or y or singly without affecting 4^he other 
quantities ; the existence of a {unction in x, y, z is 
then indicated by the notation ¥'{Xy t/y \) (implicit 
function) or by x-F{yy zV^^F{Xy z) or y) 

(explicit function). Soinetilfices the letter /or ^ is used 
instead of F, so that y=F{x), y-f{x) and y^iji{x) 
all mean the same thing, namely, that the value of 
y depends on the value of x in^some way whicn is 
not stated^ 


Wc call the ratio “the differmtialj>oeJi( lent of 


y with respect to It is a solemn scientific name 
for this very simple lining. But we are not going 
to be frightened byjpolemn names, ^hen Ihe^tliings 
themselves are so easy. Instead of being frightened 
we will simply pronounce a brief curs€f> on the 
stupidity of giving long crack-jaw names ; and, having 
relieved our minds, will go^on to the simple thing 

itself, namely the ratio, ^ 
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In ordinary algetil^ iiisbich you learned at school, 
you were always kunting after some unknown ^ 
quantity which you called a? or 2^; or sometimes 
there were .two unkribwn quantities to be hunted 
for simultaneously. You have now to learn to go 
diunting in a new .way; the fox being now neither 
X l|or y. Instead of this you have to hunt for this 

curious cub called The process of finding the 

value of is called “differentiating.” But, remember, 


w^iat is '\5rar*ted is the value of this ratio when both 
(hj and dx are theigaelves indefinitely small. The 
true value of the differential coefficient is that to which 
it approximates in the limiting case when each of 
them is considered as infinitesimally minute. 

Let us now learn how to go in quest of 
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NOTE TO CSSXpTEE IIL 
How to road ])Mrereatiab. 

It will never do to fall intOPthe schoollxJy eIttoT of 
chinking that -dx means d times x, for d is not a 
factor — it means “an elemetft of" or*“a bit of" 
whatever follows. One [eads dx thus : “ dee-eks.” f 
In case the reader has no one to guide him in such 
matters it may here be simply sedd that one reads 
differential coefficients in the following way. The 
differential coefficient 


^ is read “dee-wy by dee-eks," or “dee-wy over 
dee-eka.” 

So also ^ is read “ dee-you by dee4ee” 

Second differential coefficients will be met with 
later on. They are like this : 

, which is read “ dee-two-wy c^er dee-eks-aqucured” 


and It means that the operation of differentiating v 
with respect to x has been (or has ^o be) performed 
twdee over. 


Another way of indj^ting that a function has been 
differentiated is by pjitting an accenf^to the symbol of 
the function. Thus if y^F{x), which means that y 
is some unspecified function of x (see p 14),, we may 

write F\x) instead of Similarly, F'\x) 

will mean that the originaF function F{x) has h^eA 
differentiated twice oirer with respect to x. 


B 


C.M.E. 



CHAPTER IV. 

SIMPLEST* CASES. 


Now let U0 see how, on first principles, we can 
difierentiate some simple algebraical expression. 

Case u ' 

Let us begin wi^i the simple expression y—a?. 
Now remember that thift fundamental notion about 
tlie calculus is the growing. Mathematicians 

call it varying. Nolte||||y and are equal to one 
another, it is clear thawS^itJ grows, a?* will also grow. 
And if grows, then y wiU also grow. What we 
li ave got t o fin d out is the prop ortion bet ween the 
growing jof y and the ^fi.win£_qf x. In other words 
our task is to find out the ratio between dy and dx, 

or, in brief, to find the value of 

dx 

Let X, then, grow a little ^bit bigger and become 
x-\-dr\ similarly, y will grow ^ bit bigger and will 
become y+</y. Then, clearly, it will still be true 
that the, enlarged y will be equal to the square of the 
enlarged x. Writing this down, we have : 
g+dy={x+dxf. 

•Doing the squaring we get: 

y + dy •“«!*+ 2a> • <te + 
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What does (<2a;)* mean ? ftemember 
» bit — a little bit — of x. Then (dx)^ will ttm 
bit of a little bit of x; that is, as 
(p. 4), it is a. small quantity of the «m!>ad order 
of smallness. It may therefore, be discarded as quite 
inconsiderable in companson with' the other terms. 
Leaving it out, we then have : 

y + (fy = aj® + 2aj • <te. 

Now y=a?\ so let os subtract tliis from the equa- 
tion and we have left 

dy=^X’4^* 

Dividing across by dx, wft^nd 

dif_ 
dx~ 

Now this* is what we set out to find. The ratio of 
the growing of y to the growing *of x is, in the case 
befora us, found to be 2x. 

* N B — This ratio is the resnlt of differentiating p w ith 
dx 

respect to x, Diffcrentiati^ means finding the differential co 
efiioient Suppose ^ o had^some other function of Xp for 
example, tt=7a?+3 Thdft if mo were told fo differentiate this 
'With respect to x, we should have to find or, what is the same 

thing, On the other hand, we may have a case m whic h 

dx 

time was the independent \ariable (see p 15), such as this 
Then, if we were told tc^difforentp-te it, that means mci 
must find its differential coefficient with respeol^to L So that then 

our business would be to try^ find that is, to find 
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Nvmerical example. 

Suppose 07 = 100 and /. 10,000. ' ^en let x grow 
till it becomes 101 (thi^^is, li^cjlrssl). Then the 
enlarged will be 101 x lOl = lO^^U. .But if we agree 
that we may ignore. small quaSHties of the second 
order, 1 may be rejected as compaMd with 10,000 ; so 
we may round off the enlarged 10,200. y has 
grown from 10,000 to 10,200 ; the ^ added on is dy, 
wbjch is therefore 200. 

^ =s 200. According to the^^H^ebrat-working 

of the previous paragraph, we find ^«®2aj. And so 
it is ; for aj = 100 and 2®=200. * < 

But, you will say, we neglected a whole unit. 

Well, try again, making dx a still smaller bit. 

Try dx= Then a?+(i»= lOO'l, and 

{x+dxf=- 1001 X 1001 = 10,020-01. 

Now the last figure 1 is only one-millionth part of 
the 10,000, and is utterly negligible; so we' may 
take 10,020 wU^hout the little decimal at the end. 

And this makes rfy=20; and ^“^*=200, which 
is stil^ the same as 'ix. ^ 

Case % 

Try differentiating y =a 3 * in the same way. 

We let y grow to y+dy, while x grows to x-^^Lb, 
^ <rhen we bavy‘ 


y-^dy^{x^dxf. 



^ ^^LEST CkSBS 3} 

Doing pte cdimK we obtaih 

y+«^^.+3a^ • dx+Sx{dx)*+^'^.^^ 

Now we know tyl^e tb0^ degleet sinay quantities 
of the second and fln ord^ ; since, whsif dp and dx 
are both made iiBSnitely small^ (dx'f and ((Ac)* 
will become ind<^ptely ^mailer by comparison. So, 
regarding them|||Kegligiblc, we have left : 

+ 3 j;* • (to. 

But y =!<?’, Jp subtracting this, we have: 

T® dy=^ii^‘dx, 

3 ’ *= 3 ««. 


Cilse 3 . 

Try differentiating y=xl^. Starting as beforq by 
letting both y and x grow a bit, we have : 

y-\-dy=(x+da;f. 

\Vofking*out the raising to the fourth power, we get 
y + rfy = a:* + 4a5®(to + + 4a!((feq)* + ((to)*. 
Then, striking out the terms containing all the 
higher powers of dx,^ being negligible by com- 
parison, wo have , 
y + (fy = a^ -1- 4a!®cto. 

Subtracting the original ys=ar*, we have le^l 
dy=^dx, 

and ^a=4as*. 

(to 
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iTow all these cases a^e quite easy. Let os collect 
I results to see if we cau infer any general rule. 
^ !l|Bt ‘them in two co\|imu8, the V 

and the corresponding values^ i«f6r ^ in the 
other: thus*’ 


V 

< 

* 

dx' 

x~ 

2x 

a? 

Sx^ 

ay 



Just look at these results : the opetatipn of differen- 
tiating appears to have had the effect of diminishing 
the power of a; by 1 (for example in the last case 
reducing to a?), and at the same time multiplying 
by a number (the same number in fact which originally 
appeared as the pojver). Now, when you have once 
seen this, you might easily conjecture hov the others 
will run. You would j^xpect that differentiating iu® 
would give has*, or differentiating would give 
If you hesitate, try one of Uiese, and see whether 
the conjecture comes right. 

Try y=^x^. . 

Then y+dy = (x+dxy 

^oiy+5x*dx+iOiiy(dxy+ioay(dxy 

+hx{dxy-\-{dxf. 

Neglecting all the ten^ containing small quantities 
^ of the higher Ofclers, we have left 




SIMPLEST CASES 


SS 


and subtracting yssafi leaves t^s 


whence 



exactly as we supposea. 


Following out loj^ll/ our obser^ion, we should 
conclude that if we' want to deai^th any higher 
power, — call it n— we could ta(^le it in the same 
way. 

Let 

then, we should expect to find iliat 

OJC 

For e;cainple, let 71 = 8 , then and differ- 

entiating it would give — 


And, indeed, the rule that differ^tiating gives as 
the result is true for all cases where w is a 

whole number and positive, ffexpanding (x + dx)^ by 
the binomial theorem will at once ^ow ’this] But 
the question wliether it is true for cases where n 
has negative or fracliDnal values requires 4ii*ther 
consideration. 


Case of a negative power. 

Let y =3?“^. Then proceed as before : 

y+dy^{x+dxy^ 

dx\'^ 
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f 

Expanding this by the binomial theorem (see p. 141), 
we got, • 

==a?'*-*2£t?:*-rf£t?+3iP' ^ ‘ Xela^y + etc. 

So, neglecting the small qtiantit^^ of higher orders 
of smallness, we have : 

y 4. dy == a? ’ 2 — 2£r “ * • efo? . 

Subtracting the original y=ar“‘^, we m 
dy^—2x~^dx, 

ax 

And this is still in accordance with tl^nile inferred 
above. 


Cwe of a fractioTuil power, 

JUet y=x^. Then, as before, 

9+dy={ic+ diS)^ = aj^^l + 

s/x xs/x t powers of dx. 


er 


powers of dx. 

Subtracting the original y = and neglecting higher 
powers we have left : 

and agrees with the general rule. 



I^JkfPLEST CASES -2S- 

Summary. Let us see how far we have got. We 
Have arrived at. the following rule- To diflhrent^atei 
multiply it by tha pow^r an A reduce thg^power by I 
one, 80 giving as the result 


Exercises I. (S 

ip. 288 for AnswerSfci^*" 

Diiferentiate bhfl 

pllowing * 

( 1 ) y=a?m 

(2) y=x-i 

( 3 ) y=x^ 

( 4 ) « = <»■* * 

(6) a=-v^ 


Jht 

<7) 

(8) y=2a5». 

( 9 ) y=i/^ 

(10) 3/ = ^i 


You have now learned how to differentiate poweiy^ 
of X. JIow easy it is! 



.CHAPTER V. 

NEXT STAGE. WHAT Td DO WITH CONSTANTS. 

• 

In our equations we have regarded x as growing, 
add as a result of x being made to grow y also 
changed itij value and grew. We usually think of x 
as a quantity that we can vary ; and, regarding the 
variation of a? as a sort of cause, we consider the re- 
sulting variation of jf as an effect In other words, we 
regard the value of y as depending on that of a?. Both 
X and ?/ are variables, but x is the one that we operate 
upon, and y is the dependent variable.” In all the 
preceding chapter we ha^been trying to find out 
rules for the proportion the dependent variation 
in y bears to the variation independently made^n x. 

Our ne$t st^ is to find out what eflTect on the 
process of differentiating is caused by the presence of 
emstauts, that is, of numb^s which don’t change 
whentiir or y ch|inges its value. 

Added Constants, 

Let lib begin with some simple case of an added 
constant, thus : 
j Let ^ 

Jflst as before, let us suppose x to grow to x^dx, and 
V to grow to y+dy. 
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Then: 

Neglecting the small quantities^ of higher ordeffif this 
becomes ^ 

Subtract the original y=a?*+5, and we hme left: 


dy 

dy 

dx 


= Sa?*. 


So the 5 has quite disappeared. It added nothing 
to the growth of x, and does not enter into the 
differential coefficient. If we had pul 7j ot 700, or 
any other number, instead of 5^ it would have dis- 
appeared. So* if we take the letter a, or 6 , or c to 
represent any constant, it will simply disappear when 
we diffei:entiate. 

If the additional constant had been of negative value, 
such as — 5 or — ft, it would equally have disappeared. 

Multiplied Constants. 

Take 9 .S a simple experin|ent this case : 

Let y-loi^. 

Then on preceding as before we get : ^ 

y+dy==7{x+dxy ^ 

= 7{^^+2a?•efo?+(^te)^} • 

= 7a:^+14fX-dx+7 {dxf. 

Then, subtracting the original ys=:7a^, and neglecting 
the last term, we have 
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Let U8 illustrate this^example by working out the 
graph^s df the equations and ^7 

assigning to a? a set of successive values, 0, 1, 2, 3, etc., 
and finding the corresponding values of y and of 

These values we tabulatefas follows: 



Fio. a— Graph of y=7a!*. Fia. 60 .— Graph of ^=14as. 


' ‘Now plot tl}pse values to some convenient scale, 
and we obtain the two curves, 4Figs. 6 and 6a. 
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Carefully compare the two figui’es, and yeri^y 
inspection ^at the heig![it of the .ordixwdMk’Of^ the 
^Gnve(|^jy:ve, Fig, 6a, is^rpjporiional to t]Je of 
the ori^nal curv.e* Fig. 6, at th e corresponding^^ value 
of 07 . To tiie left%x>f the origin^ where the original 
curve slopes negat^^ely (that is, downward from left 
to right) the correii|>ondii% ordinates of the derived 
curve are negative. * 

Now;, if we look* back at p. 19, we shall see th^tt 
simply dilferentiating o?® gives us 2a7. So that the 
differential coefficient of Is?- is just 7 tim^s as big as 
that of 07 ^. If we had taken 8o7^, the differential 
coefficient would have come out eight times as great 
as that of o?. If we put y — ax\ we shall get 

Y^f=ax2a7. 

ax 

If we had begun with y — we should have had 

^=a^XW07’^^ So that anymore multiplication by 

a constant reappears as a mere multiplication when 
the thing is differentiated. And, what is true about 
multiplication is equallj^ true about division : for if, 
in the exaii^Ie above^ we had taken tbe*constont f 
instead of 7, we should have had the same -f come 
out in the result after differentiation. 


See p. 77 tkbeat d<ype$ of ourrea 
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Somve Fwriher Examples. 

The following further examples, fully worked out, 
will enable you to master completely the process of 
differentiation as applied to ordinary algebraical ox- 
pressioas, and enable you to work out by yourself th® 
examples given at the end ^ this chapter. 

^ ¥ 

Differentiate 

g is an added constant and vamapiii p. 26). 

' We mky Ihen write at once 


#=1 

das 7 


x3xai^-\ 


or 


(2) Differentiate 
The term i\/^a vanish^Kbig an ad<i^ coBstant; 

^ if 

and as a«/x, i» the index is written axi, we 

dy _ g * 

dx~%7x 


or 


(3) If ay+hx^hy— ax+{x+y)>Jd^—l^, 
hnd the differential coefficient of y with respect to as. 

As a rule a8 expression of this kind will need a 
little more knowledge than we hxve acquired so fax ^ 



ft is, however, Always worth >»hile’lo tty I'll* 

expression (»h be put in a simpler form. 

First 'we must try to bring it into the fovi^pdomOM 
expression involving x only. 


The expression may be written 

^la-bj]f+(a+b^l^(x+9f)iya^-~¥. 

Squaring, we ge^ Tp^‘ 

ia^bft^-{w^bfa^+\(a+b)(fl-b)xy 

sW =(a-®+yH2jjy)(a®-6®), 

which simplifies 

or [(« -(a*- 6‘*)]/=[(a*- ^*)-(a+ by]a?. 
that is 2&^6— a)y*= — 2i»(fe+aW, 

. Ia$h 

(4) The volume of a oy^ 
h is given by the formi: 


hence 


[oTl 

’^a-l 


-&■ 

&r of radius r and hei^t 
fc Trr^fe*. Find the rate of 
r^ulius when r=5‘5 in. 
and 7i = 20 in. If fixid the dimensions of tlie 
cylinder so that a change of 1 in. in radius causes a 
change of 400 cub in in the volume. 

The rate jf variation of V with regard te r m 

h 


variation of volume 


dr 


= 27rrA 


If r=5*5 in. and A =20 in. this becomes 690*8. It 
means tlxat a change of radius of 1 inch will cause a 
change of volume of 690*8 cub. inch-# This can be 
easily verified, for the ^Volumes with r=5 and r=6 
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are 1570 «ub. in. and 2260‘8 cub. in. respectively, and 
2260-8- 1570 =6908^ 

Also, if 

r=h, ^^=2xr®=400 and r=fe=-^^^=7-98 in. 


(5) The reading Q of a^f^ry's Radiation pyrometer 
is related to the Centigrade temperature t of the 
observed body by the relation 




whore dj is the readying corresponding to a known tem- 
perature of the observed body. 

Compare the sensitiveness of the pyrometer at 
temperatures 800" C., 1000° C., 1200° C., given that it 
read 25 when the temperature was 1000° C.’ 

The sensitiveness is the rate of variation of the 

dd 

reading with the temperature, that is 
may be written 

ft— 

and we have 


The formula 


rfd 100<® c 

fit ~ 1000 *“ 10 , 000 , 000 , 000 * 

Wh(wi « = 800, 1000 and 1200, w© get ^ = 0 0512, 01 
and 0-1728 respectively. 

The sensitiveness is approximately doubled from 
600° to 1000^* and becomes three-quarters as great 
again up to 1200°. 
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Eh^ennees II. (See p. 288 for Answers.)' 

' DifTerentiate the following : 

(1) y—aa?+Q. (2) y = \Zx^—e,'^ 

(3) y=12a:^+c*. (4) y==c^x^. 

(5) u = • <6) y = I'l 8<* -r 22-4. 

c 

Make up some other examples for yourself, and try 
your hand at differentiating them. * 

(7) If If, and 1^ be the lengths of a ro(f of* iron at 
the temperatures f C. and 0° 0. respectively, then 

^^(1 + 0*000012^). Find the change of length of the 
rod per degree Centigrade. 

(8) It lias been found that if c be the candle power 
of an incandescent electiic lamp, and Fbe the voltage. 
c = a V^, where a and 6 are constants. 

Find the iiate of change of the candle power witli 
the voltage, and calculate the change of candle power 
per volt at 80, 100 and 120 volts in th^ case of a lamp 
for which a=0-5 x 10”^® and 6 = 0 

(9) The frequency if of vibration of a ^stryig of 
diameter i>, length Z/*and specific gravity (t, stretched 
with a force T, is given by 



Find the rate of change of the frequency wUen 1^, 
tr and T are varied singly. 

C.M.B. O 
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(10) The' greatest exfceVnal pressure P Which a tube 
'mn suppojft without c6llapsiiig is given by 


P 




where E and o* are constants, t is the tliickness of the 
tube and D is its diameter. (This formula assumes 
that is small compared to I).) 

Compare the rate at which P varies for a small 
chQ.uge of thickness and for a small change of diameter 
taking place separately. 

" (11) i^ind, from first principles, the rate at which 
the following vary' with respect to a change in 
radius : 


(a) the circumference of a ciiele of radius r; 

{li) the area of a circle of radius /• , 

# (c) tlie lateral area of a cone of slant dimension I ; 
{(1) the volume o^f a cone of radius r and height k ; 
(e) tlie area of a sphere of radius r \ 

-+►(/) the volume of a sphere of nidius r. 

(12) The length L of an iron rod at tl)e temperature 
T being given by iy=-/,[l + 0000012(T— ^)], where It 
is the length at tlie temperafcire f, find the rate oi 
variation of tin? diameter D of «an iron tyre suitable 
for being shrunk on a wheel, when the temperature 
T varies? 



CHAFIER tl. 

SUMS, DIFFERENCES, .PRODUCTS, AND 
QUOTIENTS. 

We have learned how to diflereutiate simple alge- 
braical functions such as or ax^y anS We haver 
now to consider liow to tackle the sum of two or 
moie functions." 

For instance, let 

dy 

what will its be ? How are w^e to go to work 
on this new jj^b ? 

The answer to this question is (j[mte simple : just 
differentiate them, one after the other', Julius:, 

4a.7A ( A 7^ s.) 

tlx ^ 

If you li£fVe any d(iubt whether tlife is righ^, tiy 
a more general case, working it by first principles. 
And this is the way. • 

Let y = w+r, where u is any function of 07 , and 
V any other function of x. Xhen, lefj^ing & increase 
to x-ydxy y will increase to y+dj^y and u wifi 
increase to u+du ; and v to v+dv. 
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And we shall have : 

. y+dy—u+du+v+dv. 

Subtracting the original ^ = we get 

dy = du+dvj 

and dividing thrpugh by dx, we get : 

dy_d\i^d\) 
dxTdx^ dx 

This justifies the j)rocedure. You differentiate each 
function separately and add the results. So if now 
wo takq, tli^ eiiarnple of the preceding paragraph, and 
put in the values of the two functions, we shall have, 
using the notation shown (p. 17), ^ 

dy _ d{x^+c) ^ d{ax ! ^+\^ 
dx dx dx 

= 2x +4au^-*, 
exactly as before. 

tt there were three functions of x, which we may 
u, V and tv, so that 

y=u+v+w; 

r 

d// dn , dv , div 

ilu!~dx^djc dx' 

€» 

As for the nlle about suhtraAion, it follows at once ; 
for if the function V had itself had a negative sign, its 
differencial coefficient would also be negative ; so that 
by diderentiating 

.»rf>ouldg«t 

^ dx dx dx 
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But when we come to do with Products, the thing 
is not quite so simple. ’ . 

Suppose we were asked to differentiate the expfeiSsion 

= (ajH c) X (cu^* + ft), • 

what are we to do? The result will certainly not 
be 2a: X 4mA ; for it is easy to see thut neither c x aa?^ 
nor X 6 , would have beefi taken into that product: 

Now there are two ways in which we may go 
to work. 


First way. Mo the multiplying first, and, having 
worked it out, men differentiate. * • • 

Accordingly, we multiply together x^+c and ax^ + 6. 
This gives ^^+acx*+bx^+bc. 

Now differjjjjjpiate, and we get: 

* ^^=Gaa:H4aca:^+26a?. 
ax 

Second way. Go back to first principl^^and 
consider the equation 


^ y^uxv; 

where u is one function of a?, and v is any oth® 
function of x. Then, if x grows to*be x+dx; an® 
y to y+dy\ and u becomes u+dn\ and v becomes 
r+dv, we shall have : 

y-\-dy= {u+du) x (v+ cZv) 

=U'V+u-dv+V'du+dU’^v. 


Now du * is a small quantity of the second order 
of smallness, and therefore in the limit may he 
discarded, leaving 

y+dy=thv+u-dv+v-du. 
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Then, subtracting the*original we have left 

» dy — u^dc+vdu, 

and,' <fividing througl-hby dx, We get the result: 
dll dv , dv 
dx ^dx ^ dx 

This shows that our instructions will be as follows : 
To (hferevt'iatc the product of tico function multiply 
each function by the (h^ercnhal coeffidcni of the 
other, and add together the tuo products so obtained. 
You should note that this process amounts to the 
following : ''Tieat u as constant while yon dificren- 
tiate V ; then treat v as constant wliilc you differentiate 

* dll 

n , aivl the whole differential coefficient will be 

tlie sum of the results of these t\\ o treatments 
Now, having found this rule, apply it to the 
concrete example which was consideied above. 

We want to diffoieritiate the product 

Call and (aa?* + 6)«r. 

Then, by the general rule just established, we 
may write : 

,=*(ic*+c)4aa-'® ■\‘{cta^-\-h)2as 

=«4<M;®+4a<xc* +2asifi+2hx, 

^(-=6cM5®i}-4a<SB*‘ +26 j;, 

' (ijr € 

exactly as before. 



QUOTIBNl’S 8ft 

LesUy, we have to diffecea^iate quotientL 

• J)3l^ C 

Tliink of this example, ^=7;^-"“. In sifch^a.case 

it is no use to try to work out the division beforehand, 
because x^+a will not divide into neither 

have they any common factor. ‘So iliere is nothing 
for it but to go back to^rst principles, and tind a 
rule. 

So we will put 

where u and v are two different functions of the 
independent variable x. Then, wdicn x becomes 
x+dXf y will become and n wnll become 

n^^du ; and v will become v + dv. So then 
, , 11+ dll 

Now perform the algebraic division, thus; 


v+dv n+du 


* . %1-dr 



V 


n du v^ dv 

1) V 


11 • dv 




U‘d v d 'v 

V~ V 

V'dv V'dv-dv 


dii'dvt, U’dv’dv 

■ 


V 
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I 

As both these remainders are small quantities of 
the second order, they may be neglected, and the 
division may stop here, since any further remainders 
would be of still smaller magnitudes. 

So we have got : 

. , . dn u*dv 

u+dy-~^ 


which may be written 




Now subtract the original y = we have left: 

, vdu-^u^dv 


whence 


du dv 
dy ^d x^^dx 


This gives us our instructions as to how to differ- 
entiate a quotient of two functions. Multiply the 
divisor function by the differential coefficient of 
the dividend functicni; then ^multiply the dividend 
function by tfq^. differential coefficient of the divisor 
function; and subtract the latter product from the 
former.r Lastly, divide the difference by the square of 
the divisor function, 

Going back to our example y = 

v^rite bx^+c=^Ui 

and a^+a^v. 



differentiat:ion 


dx {a?->raf ' ‘ 

_ (a;^ + a){5bxi^) — ( ba^ + f)(2a*) • 

~ (x^+af ’ 

dy Zbo(/‘+5(d>x*—*2cx ^ 

The Working out of quotients is often tedious, J)ut 
there is nothing difficult about it. 

Some further examples fully worked out arc given 
hereafter. 

(1) Differentiate y = 

(jfi 

Being a^bCpatant, p vanishes, and we havo 
dx ¥ 0 

« 

But ; so we get: 

dx~V^ b' ^ 

(2) Differentiate ij = —^s/ab. 

Putting X in the it^ex form, we get ^ 

y = laijb x^ — Zbsfax-^ —iijab. 

Now *' 

^=2aV6xlxa?«-‘-36^aX(-l)xa;-i-»; 
dx ' , 
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(3) Differentiate 




This inajy be writtdh : s = I'S 0'^ — 4r4 6 27“. 

The 27° vanishes, and we have 

^'ll8x-1xd 5-^4.4x(_j)0-i-; 

or, ^?|=-l-20‘*+O-88e‘*; 

dQ 

’ dd~;/^ 


• (4) Differentiate w = (3<2-l-2^+l)’ 

A direct way of, doing tliis w ill be explained later 
(see p. 67), but we can nevertheless manage it now 
w ithout any difficulty. 

Developing the cube, we get 
r = 27/'’-32-4t®+39 96<*-23 328<'’+13 32<2-3-6f+l; 


lienee , 

= 162^5 - 1 62<;‘ + 159-84<» - 69-984«2 +*2C-64« - 3 6. 
at 


(5) DiflRbrentftkte y — {2x--Z){x+\f. 

• = 2 (aj+l^[( 2 a?- 3 ‘)+(®+l)]= 2 (a?+l)( 3 iP 72 ); 

or, more simply, multiply out ^nd then differentiate. 
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(6) Differentiate i/ — 0‘ox\x—‘i). 

dx J 

= 0-5 [aP +{x- 3) X 3a-*] = 2x^ -iSx-. 
Same remarks as for preceding example! 

(7) Differentiate 
This may be written 

?r = (0-f 0-')(d40"’). 





This, again, could be obtained more simply by 
multiplying ihe two factors first, and differentiating 
afterwards. This is not, however, always possible; 
see, for instance, p 173, example &, in ‘which the 
Tule for differentiating a product must be used. 


(8) DiffeBentiate 




a 

l + aV»i?+or^^ 




dju (I + as/x + a*aj)* ' 

(l+aaj^+a®®)® 



M 
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X- 

(9) Differentiate - j -. 

<j^>/ (x'^+iy2x—x^x2x _ 2x 

dx l^iy “(«*+!)*' 

(10) Differentiate y = 

a-sfx 


In the indexed form, y = 


^ • 

lltf _ {a~x^ ( \x~ ^)—{a \x~^ _ a-x^+a+oo ^ . 


dx 
hence 


{a—x^f 
dy _ 


a 


(11) Differentiate 0 = 

Now 0 = 


l-a4/F 


i+a*y<» 

1 — 

l + af^ 


2{a-x^fx^ ' 


rf0 (1 +«<*)( - 5ar^)-(l -CTt^) X |ag> 
. (l+a<l)* 


5a*4/?-;^-9a4/< 
“ 6(l+a4/fr 


*(12) A reservoir of square cross-section has sides 
sloping at an angle of 45* with the vertical. The side 
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of the bottom is 200 feet Find an expression for the 
quantity pouring in or out when the deptl) of water 
varies by 1 foot ; hence find, iij gallons, the qftahtity 
withdrawn hourly when the depth is reduced from 
14 to 10 feet in 24 hours. « 

The volume of a frustum of pyramid of height Hy 

// 

and of bases A and a, is V=-:z~{A+a+s/Aa). It is 

easily seen that, the slope being 45®, if the depth^be 
h, the length of the side of the square surface of the 
water is 200 +2A feet, so that the volume of* water 


I [200H(200 + 2/0-+200(200 + 2A)] 


4/i^ 

= 40 , 000 / 4 + 400 /^ 2 +“- 


dV 


iih ~ ~ cubic feet per foot bf depth 

variation. Tlie mean level froup 14 to 10 feet is 


^ ft V 

12 feetji when /4 = 12, cubic feet. 

Gallons per hour corresponding to a'^hange of depth 
of 4 ft. in 24 hours = = 52,267 gallons. 

• » 

(13) The absolute pressure, in atmospheres, P, of 
saturated steam at the temperature f C. is given by 

( 40 +A^ 

" 1 40 / ^ ^ above 

* • 

80°. Find the rate of variation of tte pressure with 
the temperature at 100*0. 
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Expand the numerator by the binomial theorem 
(see p 14}). 

’ ‘ 1 

P (405 ^ 5 j* 404^+ 10 X 405<2+ 10 X 40*<5 

+5x40<*+<5); 

, tIP' 1 
hence -537 824x 10’ 

(5 X 40 ^ + 20 X 405/ +80 x 40¥+ 20 x 40 ^* + ), 

when <a =100 tliis becomes 0036 atmosphere per 
dcp'ree Centigrade change of ti'uiperature 


Eurcuea III. (See the Answers onrp. 259.) 
(1) Diflcrenliate 


^«2 

(o) M = l+d;'+j^^+ 

(h) y — aj-+bx+c. 
{(1) f/={u.''‘+af. 


Ix2x3'^"” 

(c) y={x+af. 


(2) Uw=at-lbt:\ 


(8) Find the differential coefficient of 

* //=/a;+ V-l)x(x- V— 1). . 

(4) DitTerentiate 

V =( 19737 - 34x-*) x (7 + 223- - 8Sx^). 

(5) Ifa7=(yt3)x(y^6),find^. 

(6) Differentiate y=l-3709a:X(112-6+45-202a!*). 
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2**+ 3 
y 3j;+2' 


(8)^= 


Fiad the differential coefficients of 

1 +a?+24#+3a!* 
l+a?|p2ir 
, . (ta?+6 x’*+a 

<“> <“* o-x-’+b' 

(11) The temperature t f>l the filament of an in- 
candescent electric lamp is connected to the current 
passing through the lamp by the relation 
C=:a + hf^rf\ 


Find ail expression giving the valuation ^of the^ 
current coi'responding to a variation of temperature. 

(12) The following formulae have been proposed to 
express the relation between the electi*ic resistance It 
of a wire at the temperature C., and tht^ resistance 

of that same wire at 0 Centigrade, a and 0 being 
constants. R= R^(\+<if+b(^). 

= -\r <lt b 

, ’ R=RJl+at+bfiyK 

Find the rate of variation of the resistance with 
regard to temperature as given by each of these 
formulae. 

» 

(13) The electrornotiye-force E ol a, (serlain ty|>e of 

standard cell has been found to vary with tlie tem- 
perature { according to the relation «- 

E= 1 4340[1 -000()814«- 15) 

-i- 0000007 (<- 15)*] volts. 

Find the change of electroinotive-foifte per degree,' 
«t 16°, 20“ and 25*. 
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(1 4) The electromotive- force necessatlgr to maintain 
an electric arc of length I with a cur|i»nt of intensity 
i has t)een found by Mrs. Ayrton to l:li 

, E=a+bl+—M. 

where a, 6, c, Je are constants. 

Find an expression for tlie variation of the electro- 
motive force (a) with regard to tlie Jength of the arc . 
(6) with regard to the strength of ffie current. 



CHAPTER Yil. 

SUCCESSIVE DIFFERENTIATION. 


Let us try the e^j^t of repeating several times over 
the operation of differentiating a function (see p. 1^). 
Begin with a concrete case. 


Let = 

First diffei;entiation, 5./A 
Second differentiation, 5 x 4;r^ = 20a?®. 

Third differentiation, 5 x 4 x 3a?® = 60a.'®. 

Fourth differentiation, 5 x 4 x 3 X 2a? = 120 ja 

Fifth differentiation, 5x4x3x 2x1=1 20. 
Sixth differentiation, =0. ' ' 


There is a certain notation, with whicli we are 


already ac(iuainted (see p. 15), used by some writers, 
that is very convenient. This is io employ the 
general symbol f{x) for any function of a?. Here 
the symbol /( ) is md as “function of” 'without 
saying what particular function is meant. Jv) the 
statement y=/(a?) merely tells us that y is a function 
of a?, it may be a?® or oa?”, or cos a? or any otRer com- 
plicated function of a?. 

The corresponding symbol •for the, differential co- 

• . . ® . d/^j 

efficient is f'{x), which is simpler to write than 

This is called the “ derived function ” of x. 
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Suppose we differentiate over again, we shall get 
the “ second derived function ” or second differential 
coefFicieiit, which is denoted by f'\x) ; and so on. 

Now let us generalize. 

Let y=fyx) = x^^. 

First differentiation, 

Second differentiation, f'\x) = «(/t — 

Third differentiation, f"\x) = n{n-‘\){n--2)x^"K 
Fourth diffeientiation, 

f'"\x) = u{h — l)(u — 2)(/t — 3 )cK”'\ 
* etc., etc. 


Jjiit this is not the only way ul* indicating successive 
differentiations. For, 


if the oiiginal function be 
once differentiating gives 


l/=Ax); 

ih. 
dx' 




twice differentiating gives 


f(2) 

dx 


=/"( 0 ; 




and ibiftJs mofo coii\ euieiitl y written as or 

V dhi . 

more OOTfilly Similarly, we may write as the 

rubultw^f thrice differentiating, = /"’{x\ 



‘ SlJCX3|SSIVB DIFFEJIENTIATION 61 

E^onples. * 

• Now let us try i/—/(x)=7ji*+S-ox^—iai^+x—2. 
g =/'(a;) = 28.*-»+ 1{)*5 j- 2 - £c + 1^ 

g./""W.o, 

In a .siiiiilar manner if y — 

3[« X 2a-+(^--4) X 1] = 3(3u!*-4), 

tt>'\x ) = = 3 X Ca- = 18x, 

f"(..) = g= 18 , 

^""w=2=»' 

ExetviMs IV. (So*3 page 289 for Answei^^ 

Find and for^he followinja; expression^. 

<1) y=l7a;+12a>2 <2) 

(3) 

(4) Find the 2nd and Si® derived functions ip 
the Exercises III. (p. 4<}), No. 1 to No. 7, and in the 
Examples given (p. 41), No. 1 to No. 7. 



CHAPTER VIIX 

WHEN TIME VARIES. 

Some of the most important problems of the calculus 
are those where time is the independent variable, and 
rwe have to think about the values of some other 
quantity that varies when the time varies. Some 
tilings grow larger as time go«p on ; some other things 
grow smaller. The distance t|rat a train has travelled 
from its starting place goes 04 ever increasing as time 
goes On, Tre^s grow taller the years go by. 
Which is growing at the greHter rate; a plant 12 
inches hi<rh whiclu in one month becomes 14 inches 
high, or a tree 12 feet high which in a year becomes 
14 feet 'high ? 

In thi^^^ chaptet we are going to make much use 
of the word rate. Nothing to do with poor-rate, or 
police-rate (except that even isere the word suggests 
a proportion — & ratio — so many pence in ''the pound). 
Nothing to do even with birth-rate or death-rate, 
though Ihese words suggest so many births or deaths 
per thousand of the population. When a motor-car 
whizzes by us, we say * What a terrific rate ! When 
a* spendthrift is flinging about his money, we remark 
that tliat young man is living at a prodigious rata 
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What do we IcDean by rate ? In both these cases we 
are making £ «en tal comparison oi^spiaetbilJS^ w 

happening, aTthe length of ^imo that it tftkpis tp 
happ en^ If motor-car flies past us goirfg 10 yards 
per second, iTsimple bit of mental arittimetic will 
show us that this is equivalent — while it lasts — to a 
rate of 600 yards per mibute, or over 20 miles per 
hour. • 

Now in what sense is it true that a speedy of 
10 yards per second is the same as 600 yards 
per minute ? Ten yarda is not the sairib as 6Q0 yards, 
nor is one second the same thing as one minute. 
What we mean by saying that the rate is the same, 
is this : that the pr og^ tion borpp Jbetwpen disUnce 
passed over and tim^^ken to pass over it, ,ij|. the 
same in l)oth cases. , 

Take another example. A man may have only 
a few pounds in his possession, %nd yet be able to 
spend money at the rate of millions a year — ^provided 
he goeSfe on spending money at that, rate .for a few 
minutes only. Suppose you har^ shilling over 
the counter to pay for some goods ; and suppose the 
operation lasts exactly one second. Thnn, during 
that brief operation, j^u are parting with your money 
at the rate of 1 shilling per second, which is the 
same rate as £3 per minute, or £180 per Tiour, or 
£4320 per day, or £1,576,800 per year! If you have 
£10 in your pocket, you can,go on spending money 
at the rate of a million a year for just^I^ minutes. 

It is said that Sanfly had not been in London 
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above five minutes when “ bang went saxpence.” If 
he were to spend money at that rate throughout a 
day ofc 12 hours, he would be spending 6 shillings an 
hour, or £3. 125. per day, or £21. 125. week, not 
counting the Sawbath. 

O ^ • 

Now try to put some of these ideas into 'differential 
notation. * 

Let y in this case stand for money, and let t stand 
for time. 

If you are spending money, and the amount you 
fipend ip a slvor|fl|^ffle dt be caUe(f rfy, the rate of 

spending it will or, as regards saving, with a 


. . m 

minus sign, as 


^ause then dy is a decrement, 


not an increment. Hut niJ|||j^ is not a good example 
for the colstalus, because inKiierally comes and goes 
by jumps, not by a continwTOs flow— you may earn 
X200 a year, but it does ndt keep running in all 
day long in a thin streaift;, it comes in only weekly, 
or monthly, oi; quarterly, in lumps : and your ex- 
penditure also goes out in sudden payments. 

A more opt illustration of^ho idea of a rate is 
furnished by tfle speed of a .moving body. From 
London (Euston station) to Liverpool is 200 miles. 
If a train leaves London at 7 o’clock, and reaches 
Liverpool at H o’clock, you know that, since it has 


travelled 200 miles in 4 houi-s, its average rate must 
have been 50 mUes per hour ; because Here 

you are really making a mental comparison between 
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the distance passed over and the time taken to pass 
over it. You are dividing one -by the other. If y is 
the whole distance, and t the wlxole time, clea*‘ly the 

ml! * 

is Now the speed was ifot actually 
r 


constant the way: at starting, and •during the 
slowing at the end of the jouniey, the speed was 
less Pmimbly at some part, uhen running down- 
hill, th^-^eed was over GO nfiles an hour. If, during 
any particular element of time the corresponding 
element of dis^pce passed fiver dy^ then at that 

part of the journey the speed The rate ai 

whicli one quantity (in the pres^P instance, distance) 
is changing in relation to the other quantity (in this 
case, Hine) is properly o:^essed, then, by stating tlie 
differential coefficient respect to the other. 

A velocity, scientitically^jlpressed, is the'lPe at which 
a^very small distance in any givQn direction is being 
passed over^; and may therefore bo 


Vaa 


dt 


But if the velocity v is not uniform, then it must 
be cither increasing 9t else decreasing. The i;{ite at 
which a velocity is increasing is called fhe acceleration. 
If a moving body is, at any particular instant^ gaining 
an additional velocity dv in an element of time dt, 
then the acceleration a at that instant may be written 
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but dv is itself )• Hence we may put 



Cl'^ 


« • d^^i 

and this is usually written * 

or the acceleration is the second differential coefficient 
of the distance, with respect to time. Acceleration is 
expressed as a change of velocity in unit time, for 
instance, as being so many feet per second per second ; 
‘^he notatioii ul^od being feet-^sccondl 

When a railway train has just begun to move, its 
velocity v is small ; but it is rapidly gaining speed — it 
is being hurried up, or accelerated, by the effort of the 

engine. So its is large. When it has got up its 

top s^ed it is no longer being accelerated, so that 


then 


d\ 


has falleVi to zero. But when it nears its 


stopping .^place its speed begins to slow dowA; may, 
indeed, ^bw dawn very quickly if the brakes are put 
on, and ch^ng this period of deceleration or slackening 
dir • d^'u 

of pai?e, the val^ue of tliat is, of -^^j,will^be negative. 

To accelerate a moss m requires the continuous 
appl icai^on qf forca"' The force necessary to accelerate 
a mass is proportional to the mass, and it is also 
proportional to^ the acreleration which is being im- 
parted. Henc# we may write for the force the 
expression /-ma;' 



or 

or 
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The product of a mass by the speed at which it is 
ooing is called its momentumy and is in symbols mv. 
ff we differentiate momentum with respect to time 

(i( • 

we shall get for the rate of change of mo- 

mentum. But, since m is a constant quantity, this 
(^v • * • 

may be written which we see above is the saine*^ 


as f. That is to say, force may be expressed either 
as mass times acceleration, or as rate of change of 
momentum. T 

Again, if a force is employed to move something 
(against an equal and opposite counter-force), it does 
worlc ; and ihe amount of work dqnc is measured by 
the product of the force into the distance (in its 
own direction) through which its point of application 
moves forward. So if a force f gloves -'forward 
through a length //, the work done ('whiolbOTe mav 


call w) will be 




where we take / as a constant force. If the force 
varies at different parts of the range ?/, then ^e must 
find an expression for its value from point to point. 
If f be the force along the small element of length 
dy^ the amount of work done will be dy. But as 
dy is only an element of length, only an element of 
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i 

work will be dobe. If we write w for work, then an 
element of work will be dw ; and we have 
dw^fy.dy; 
which nifty be written 

dw^vMfdy', 

or dw^m^^-dy 

or dw^m-Q-dy. 

Further, we may transpose the expression and \\Tite 
dio 

dTy-^' 

This gives us yet a third definition of force) that 
if it is being used to produce a displacement in any 
direction, the force (in that direction) is equal to the_ 
rave at which work is being done per unit of length 
in that direction. In this last sentence the word 
rate Is clearly not used in its time-sense, but in its 
meaning as ratio or proportion. 4 

Sir Isaac Newton, who was (along with Leibnitz) 
an inventor of the methods of the calculus, regarded 
all quantities that were varying as flowing ; and the 
ratiq which we nowadays call the di^erential co- 
eflicient he regarded as the rate of flowing, or the 
fiuxion^oi the quantity in question. He did not use 
the notation of the dy and dx, and dt (this was due 
to Leibnitz), but had instead a notation of his own. 
P y was a qu^tity tbkt varied, or “ flowed,” then his 
symbol for its rate of variation (or “fluxion”) was 
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If JO was the variable, then its fluxion was called 


The dot over the letter indicated that it had been 

tell us 


!/• 

differentiated. But this notation does not 
wliat is the independent variable with respect to 
which the differentiation has been effected. When 
(ly 

we see we know that 2/ is to be differentiated with 

(i/t j 

respect to t If we see ^ w 8 know that y is to be 

differentiated with 1 espect to jr. But if wo see merely 
?y, we cannot tell without looking a^ the context 

(If/ (hf dtf 

(lx dt (h^ 

the other vana*ble. So, theiefore, this fluxional no- 
tation is less informing than the differential notation, 
and has in consequence largely dropped out of use. 
But its simplicity giv(^s it an advantage if only Vo 
will agree to use it for those cases exclusively where 
time is the independent variable. Tin that caso y will 

mean ~ and a will mean ; and x will moan — 
dt dt ^ dt^ 

Adopting this fluxional notation we may write the 

mechanical equations^onsidered in the garagraplis 

above, as foljows : 


distance 

velocity 

acceleration 

force 

work 


X 
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Examples, 

(1)^ A body moves so that the distance x (in feet), 
which it travels from a certain point. 0, is given by 
the relation x = where t is the time in 

seconds elapsed sipce a certain instant. Find the 
velocity and acceleration 5 seconds after the body 
began to move, and also find the corresponding values 
when the distance coJ'ered is 100 feet. Find also 
the average velocity ^nng tlie first 10 seconds of 
its motion. (Suppos^jlpistances and ^motion to the 
•right t6 b^ poWivc.) 


Now 

0’4f ; and^«t = 5? = == 0*4 = constant. 


When W??), it? = 10*4 and v = 0. The body started 
from a point 10*4 feet to the right of the point O; 

and the time was reckoned from the instant the 

« 

body started. 

When < = 5, w = 0-4 x 5 = 2 ft./sec. ; a=0'i \t./sec\ 
When •03 = 180, 100 = 0'2<®4- 10*4, or <^ = 448, 


and < = 21’17 sec. ; » = 0'4 x 21'17 = 8’468 ft./8ec. 
WJien <=10, , 

distance travelled = 0'2 x 10® + 10‘4 — 10'4 = 20 ft. 


Average velocity = f^= 2 ft./sec. 

(It is tlie same velocity as the velocity at the middle 
of the interval* <=5; for, the acceleration being con- 
stant, the velocity has varied uniformly from zero 
when <=0 to 4 ft./sea when 1=10.) 
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(2ji In the above problem lei us suppose 
x = 0-2<2+3«+10*4. 

fisc ^ ^ *' 

^=0*=— =^4^+3; a = 

When <=0i|^ = 10'4 and v=3 ft /sec., ttie time is 
reckoned from the instant at which the body passed a 
point 10*4 ft. from tlie point O, its velocity being then 
already 3 f t.y sec To find the tigae elapsed since it began 
moving, let i; = 0, then 04^+j|||fi=0, ^ = — ^== — 7 5 sjjc. 
The body began moving 7 j^ec. before time was 
begun to be observed ; 6 fluids after •'th>b gives* 
^ = — 2*5 and «’ = 0 4 x —2 54-8 — 2 ft./sec. 

When a:? = 100 ft., 

100 = 0*2^2+3^+10 4; “or 
hence t = J4-95 sec., t? = 0* t x 1 4 95 

To find the distance travelled during' the 10 first 
seconds of the motion one must know how far the 
body was from the point O when it started. 

Wheij ^=— 7*5, 

a; = 0*2x(-7'5)2-3x7*5 + 104= -085 ft., 
that is 0 85 ft. to the left of the point O. 

Now, when ^ = 2*5, 

a!= 0 2 X 2 X 2-5 4- 10 4 = la-lo. 

So, in 10 seconds^ the distance travelled was 
19-15 +0-85 = 20 ft. and ^ 

the average velocity = j J = 2 ft./^3ec. 

(8) Consider a similar proljjem when the distance 
is given by a?=0*2<2— 3f+104. Tl»n t? = 0*4^— 3, 
a = 0*4 = constant. When « = 0, a? = 10*4 as before, and 
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a; = — 3 ; feo that the body was moving in the direction 
opposite to its motion in the previous cases. As the 
acceleration is positive, however, we see that this 
velocity will decrease as time goes*o|||jptil it becomes 
zero, when v = 0 or 0 4<— 3 = 0; or fap7’6 see. After 
this, the velocity becomes positive; and 5 seconds 
after the body started, ^=*12*5, and 

v^0'4!X r2‘3 3 2 ft./sec. 

«When it; = 100, 

100 = 02^2-3^+104, or = 

and i = 29*95 ; v = 0*4 x 29 95 — 3 = 8*98 ft/sec. 

Wlioii tJ is zei 0 , a:; = 0 2 X 7 52 — 3 X 7 *3 + 1 0 4 = -^ 0*85, 
informing us that the body moves back to 0*85 ft. 
beyond the point 0 before it stops Ten seconds later 

«=17*5 and it? = () 2 x 17 52-3 x 17*5 + 10 4 = 19 15. 
The distance travelled = *85 + 1915 = 20*0, and the 
aveiage velocity again 2 ft/sec. 

(4) Consider yet another problem of the same sort 
with {fsiO 2^ — 3f2+lU 4 ; v=0*072^6f; a=l*2^ — 6. 
The acceleration is no more constant. 

When ^ = 0, j 7=10*4, t;=0,^=— 6. The body is 
at rest, but just ready to move with, a negative 
acceleration, that is to gain a velocity towards the 
point 0^ 

(5) If we have a; = 0*2^^—3^+ 10*4, then v = 0*6^2— 3, 

aad<»=l’2f. ^ ,, 

‘ When #=0, ir=104; «;= —3; a = 0. 

The body is moving tow&rds the point 0 with 
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• 

a velocity of 3 ft./8ec , and just at that instant the 
velocity is uniform. ^ 

We see that tj^co/iditions of the motion can always 
be at once ascefljK from the tiiue>distance equation 
and its first aim second derived .function^. In the 
last two cases the mean velocity during the first 
10 seconds and the velocity 5 seconds after the start 
will no more be the same, because the velocity lo not 
increasing uniformly, tlie acceleiation being no longer 
constant. 

(()) The angle 6 (in radians) turned througfi by a 
wheel is given by 0 = 3 + 2^ — 0-1^^ where f is the 
time in seconds from a certain instant; find the 
angular velocity oo and the angular accehu-ation a, 
(a) after !• second; (b) after it has performed one 
revolution. At what time is it at rest, and how many 
revolutions has it performed up to that instant ? 

Writing for the acceleration 

w=e=~ = 2~0-S^. a=^=-/^=-06«. 
at dr ^ . 

When ^ = 0, 0 = 3; to = 2 rad./sec. ; a = 0. 

When ^ = 1, ^ 

« = 2 — 0*3 = 1*7 rad ; a = — 0‘6«rad./sec^. * 

This is a retardation , the wheel is slowing down. 

After 1 revolution * 

0 = 27r=6*28; 6*28 = 3 + 2^-0T^. 

By plotting the graph, 0 = 3 we can get^ 
the value or values of t for which ^=6*28; these 
are 2*11 and 8*03 (there is a third negative value). 
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‘ < 

When i=2 11, 


, , 0=6 28 , (0=2 — 1'34 = 0'66 rad./Bec. ; 

a=^ — 1‘27 rad/sec^. 

When < = 3 03, 

0 = 6 28 ; (0 =2 - 2 754 = - 0-75^ad /sec ; 
a= — 1'§2 rad./see*. 

The velocity is reversed. The '^heel is evidently 
at rest between these two instants j^ft is at lest when 
(10 = 0, that is when 0 = 2 — 03<^ or^hen < = 2-58 sec., 
it has perfoiwied 

e 3+.2x2.58-^01x2583 

6 28“*^ =1^«6 revolutions. 


^ i 

Exercises V. (See 290 for Answers.) 

(1) If //=a+6<^-H^^flqP.^^ and ^ 

a»,, , 

(2) A, body^ falling fi^SeJy space describes in t 
seconds a space s, in feet, exprfeed by tlie equation 

= 'f'Draw a curve showjpg the relation between 
.s aiM L Alsg determine the velocity of the body at 
the following times from its being let drop: t==2 
secoruk; ^=4 6 seconds, i=0’01 second. 

(3) If , find x and x 

(4) If a body move •according to the law 

• 5 - 12 - 4 - 5 ^+ 6 - 2 ^ 2 , 

find its velocity when ^==4 seconds; s being in feet. 
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(5), Find the acceleration the mentioned in 
the preceding example. Is the acceleration the same 
for all values of ^ ^ • • 

(6; The angle Q (in ladians) turned through by 


a revolving wj 
seconds) that 


mjjfiel is connected with the <ime t (in 
< 


Find the angu' 
that wheel whe] 
its angular acceli 
(7) A slider 
its motion, its 
point is given 


elapsed since starting, by the law 
2T-3-J<+4 8^2. 

velocity (irf radians per second) of 
seconds have elapsed Find algo 
Jon. 

es so that, during tlie fifst part of 
.nee 8 in inches from its starting 
e expn^ssion 



s = 6 8^ — 10 8^, < bei|i|j^ in seconds 



is^ion fertile 


and hence ; 

^,■9 



jty and the accelero- 
the velocity and the 


Find the,exjj 
tion at any t| 
acceleratioa 90sc 3 seco 

(8) The moUon of aJpS|^^p&ll.^n it such that its 

height k, in miles, is any instant by the 

expression A— + t beiB|; in seconds- 

Find an expressioi^br-iflie Velocity and the acceleia- 
tion at any time. Dr^ eu^es to show the variation 
of height, vejocity and acceleration during the tfirst ^ 
ten minutes of the ascent. * 

(9) A stone is thrown downwards into water and 

its depth p in metres at any instant t seconds after 
reaching the surface of the water is given by the 
expression 4 • » . 


P = 


4-H* 




C M.B. 



66 CALCULUS MADE EAgY ' 

Find an expression for the velocity and the accelera- 
tion at any tiine. Find the velocity and acceleration 
after 10 seconds. 

(10) A body moves in such a way that the spaces 
described "in the time t from starting is given bj^ 
s — where n is a constant. Find the value of n 
when the velocity is doubled from the 5th to the 10th 
second ; find it also w'lien the velocity is numerically 
equal to tlie acceleration at the end of the 10th second. 



CHAPTER TX. 

INTRODUCING A U^FUL DODGK 


Sometimes ouc is stumped by finding tliafc the ex- 
pression to be diflerentiated is too <!omplioated to 
tackle directly. 

Thus, the equation 

is awkward to a beginner 

Now the dodge to turn the difficulty is this: iSVlite 
some symbol, such as n, for the expression 
then the equation becomes * 

* 

which you can easily manage ; for 


Tlicn tackle the expression 

t(=a3*+a*. 


and differentiate it with respect to x, 

du ^ 
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Then all that remains is plain sailing ; 
for 

' ' dq: du dx' 

that is, ^ ^^=|itix2a5 

=|(a;*+a*)^x2a? 

= 3a;(a!®+a*)*; 
and so the trick is done. 

'By and bye, when you have learned how to deal 
with sines, and cosines, and exponentials, you will 
find this dodge of increasing usefulness. 

P O 


Examples. 

Let us practise this dodge on a few examples. 

(1) Differentiate y—s/a+x. 

Let a + x=tt. , 

i'-'i 

dy _^y du_ 1 
dx~dMdx~ 2s/a+^ 

(2) Differen\iate y=— 

Let (n-\-x^=u. 
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.(3) Differentiate y = (m— 
Let = u. 


du 

dx 




S'”"*- 


(4) Differentiiite y = - , 
Let H = — 


(ftt* . 
t2a;J 




da 

3x** • 


7lx~ '^s/(^—a^f 
(5) Differentiate 
Write thi^as />= 


1 1+a; 
(1 -a-)’ 




(l+ary^' 


rfo? 


1+a? 


(We may also write ]/^={l^x)^{l+xy^ and differ- 
entiate as a product.) 
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Proceeding as in exercise (1) above, we get 

ilx 

2«yi— flj’ 

dx 2jl+x 

1 

Hence 




(l+a;)^' 

^—x)i 

dx 

2(i+iP);/r- 

~x 2(l+a-)Vl+iP 


1 

n/ 1 — it? 

7 

♦•2^ 1 -f“ Xsl 1 

^ 2*y(i+«?’ 


dy 1 

dx ' 


V at? 

1+^* 

We may write this 

3f/=a7*(l+aj®r^; 

Differentiating (l+ar-)"^, shown in exercise (2) 
above, we get* * 



dy_ ViP Ja? _Va(3+i»*) 

Sk 2VrT^ V(l+»*)* 2V(l+a^)*' 
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(7) Diflerentiate y—{x-{->Jx^-\-as+a'f. 

Let x+ijst?+x-^a=u, 

% 

^ _ 1 j. +£)\] 

ifx~ dx 

y—n^\ an<l^ ^ ^ 3 (./•+;v/a^-* +*■+«)*. 

Now let (a;-+ a: +«)’- = « and (j"^+d?+«)=w. 
£-2»+1; 

„ thi - , 3 j ^+1 

cL)c 2v 


^du 
dx^ du dx 


= S(x+y/x^+x+ay(l 


2«?+l \ 


•f aj+a-' 


(8) Differentiate 
We get 
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Let M=(a®— and v=(a*—x^ 

du 1 _i dv 


_A du 1 _i 

“=^ ’ 3i=-6*’ ’ 


= —2a!. 


du du dm _ 1 „/.2_ 

' rfa* dv^dx~^ ^ ’ 

Let w=(a®+a!®)^ and i«=(a®H-a:®). 


w = s« ; 


1 rf?<7 9. _« <7s , 

• — >v 8 • _ _ • 


tfo 6~ ’ t/a;' 


^_1 j 

.dM~ d% ' 


Hence 


^=(a®+»®)^- 


3 (a* — a?^)^ 3 (a^ — ’ 


^ .g?r 7 g^+a;^ 1 “] 

dx .V (a^ — a?'-*)’ >,y {a^ — a-*^)(6e*^ + a?^)®J* 

1* '*f 

(91||Differentiat6? with respect to y®. 

<^(y") nyr-^_n f, 

■ . /(y*)~.V->“5^ • 

(10) Find th^ first and second differential coeflScients 

of y-^s/{a-x)x. 

dy _x d{[(a—x)x'^) i>J{a—x)x 
dx~h dx b 


Let [(a -^x)x'f = u and let (a — x)x =w\ then m = to*. 
dw 2 2u!^ 2v(a— a!)a! 
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dw „ 

-f-=a—2x. 

dx 

du^^_dj^_ a-*2a? 


dw dx dx 2>J(a—x)x 


Hence 

dy x(a—2 x) ^ ij{a—x)x _ a?(3«— 4a?) 

dx^ 2h»J{a—x)x h . 2bi>/{a—x)x 


Now 

(Py 

tlx- 


. (Zax—^aP)h(a — 2£) 
Wia—x^x 


3a^--12aa!+8a;^ 
^{a—x)s/ (a— x)x 


(Wo shall need thtsf* two last differential coefficients 
later on. See Ex. X. No. 11.) 


Exercises VI. (See page 291 for Answers.) 
Differentiate the following : 


(1) y=<Ja^+l. 

1 


( 3 ) y= 

( 6 ) y= 

( 7 ) y= 


t/a+x 

iJx‘‘‘ — (P 
a? 

{a-\-xf 


(2) y=Js^-k-a^. ' 
4/a^d-a 

v^^+a 


(6) y= 
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. ( 

(8) Differentiate with respect to y\ 

(9) *Differentiate 2/f= 


The process can be extended to i^fce or more 
differential coefficients, «o that X 

Examples. 

(1) y=JT+i, find 

We have 

dy_ 1 . ^ J[4 ds 

dv~Yjf^’ c* ’ dx' 

dy_ ir)8,r-» 28 


dx 


3x®%/9.cH7 
1x^ 


dx (2s/l-fy)?' 

di' _'lx(hx—Qi) _ _«i/2 1 j . J 


dv 

de 


dr 

dd’’ 


de 

7a-(5ar-6i/^<*+i) 


p- 3()4/(^-I)V^ ’ . 

an expression in which x must be replaced by its 
value, a^d t by its value in terms of 0. 
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We get 


6=2a-r-, ®=Vi+0’ 


^IP ^ ^ 3a” r/a)_^ 1 

2x/a?’ dO (1-teWl-e^ 

(see exampl^jHIIll 

dj>^ 

dm J2(,^ 


So that 


3a2 


V2 a +0) 

Replace now flist oj, tluu 0 In its \aliie 


Exercish VII 

^ ' • 
Ton can no^\ successfully try the following (See 
page 291 for Answers ) ^ 

(1 ) If « = ^ar* V = 3(« + H-) , and ir=\, find -f. 




dx 


(2) If = an(lt' = — , 


find 

ax 


f3) If s=(l + y)‘;and M=-^^,fi 


find 


im 

dx' 



CHAPTER X. 

GEOMETRICAL MEAljriNG OF DIFFERENTIATION. 

If is useful to consider wliat geometr^^ meani^can 
be given to the differential coefficieni 

In the '■first place, any function ux «<;, SUCH, lui 
example, as or s/ Xy or ax+hy can be plotted as 
a curve; and nowadays every schoolboy is familiar 
with the process of curve-plotting. 



Let !PQRy in Fig. 7, be a portion of a curve plotted 
with respect to the axes of coordinates OX and OF. 
Consider any, point Q on this curve, where the 
^abscissa of tSe point is x and its ordinate is y. 
Now observe how y changes' when x is varied. If x 
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is m^de to increase by a small increment dXy to the 
right, it will be observed that y also (in this particular , 
curve) increases by a small incregient dy (because this 
particular curve happens to be an ascending curve). 
Then the ratio of dy to dx is a measure of •the degree ■ 
to which th^ curve is sloping up between the two 
points Q and T. As a matter of fact, it can be seen 
on the figure that the curve between Q and T has 
many . differen^slopes, so that we cannot very w^ll 
speoifcf the ape of the curve between Q and 1\ If, 
hoover, Q am T are so near each otheF that the 
small portion QT of the curve is practically straight, 


then it is true to say that the ratio is the slope of 


the curve along QT, The straight line QT produced 
on e^er side touches the curve along the portion QT 
only^and if this portion is indefinitely small, the 
straight line will touch the cu^ve at practically 
one point only, and be therefore a tangent to the 


curve. 


This tangent to the curve has evidently the same, 

slope as QTy so that ^ 

the curve at the point Q 
found. 

We have seen that the short expression “ tfle slope 
of a curve has no precise meaning, because a curve 
has so many slopes — in fact, every srag.!! portion of a 
curve has a different slope. “ The slojffe of a curve aC 
a point ” is, however, a jSerfectly defined thing ; it is 


is the ^pe of the tangent to| 
for y|p 5 h the value of ^ isi 
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the slope of a very small portion of the curve situated 
just at that point; and we have seen that this is the 
saiAc as “ the slope o[ tlie tangent to the curve at that 
point.” 

Observe that dx is a short step to the right, and 
df/ the corresponding short step upwards. These 
steps must be considered 'as short as possible — in fact 
indefinitely sliort, — though in diagrams we have to 
represent them by bits that aie not intinitosinially 
small, otherwise they could not be seen. 

We %kail hereafter rtuike cousUlerahle ttse of this 

circttvisfavce that re^rresents the slppe of the curve 
at any point. 



Fw. 8. ' 


If a curve' is sloping up at 45° at a particular point, 
as in ^ig. 8, dy and dx will be equal, and the value 
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» 


If. the curve slopes up steeper than 45® 9\ 



Fig. 0. IiG. 10. 


If the curve* slopes up \cry^>ently, as in Fig. 10, 

will he a fraction smaller than 1. 

(l,r 

For^ horizontal line, or a horizontal place m a 



Fio, 11. 


If a carve slopes downward, as in ^ig. 11, dy wilB 
be a step down, and nlust therefore be reckoned of 
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negative value; hence -q will have negative sign 
alscv 

If the “curve” happens to be a straight line, like 
that in Fig 12, the value of will be the same at 
all points along it. In other words its slope is constant 



If a curve is one that turns more upwards as it 
goes alo9g to the light, the values of will become 



^greater and grwter with the increasing steepness, as 
in Fig. IS. • 
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If a curve is one that gets flatter and flatter as it 
gdes along, the values of will become sinall(ir,^H«d 


smaller as the flatter part is reached, as in Fig. 14^ 



/If a curve first descends, and then goes up agaia 
as in Fig. ,15, presenting a concavity upwards, then 

clearly will first be negative, with diminishing 

values as the curve flattens, then yill bo zer<r;;,at the 
point where the bottom of fhe trough of the* curve is 

V (I'il 

reached; and from this point onward will have 

positive values that go on increasing. In such a case y 
is said to pass througiua minimum. The iriinimum 
value of y is. not necessarilj^ the smalle^it value df y, 
it is that value of y corresponding to the bottom of 
the trough; for instance, in Fig. 28 (p, lOi), the 
value of y corresponding to the bottom of the trough 
is 1, while y takes elsewhere values whicli are smaller 
than this. The characteristic of a miiimum is that* 
y must ot it. 
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I N.B . — For the particular value of x that makes 

j y a Tj^Animum, the value of = 0. 

If a curve first Wends and then descends, the 
values wiif he positive at first; then zero, OvS 

the summit is reached ; then negative, as the curve 
slopes downwards, as in' Fig. IG. In this case y is 
said to pass through a maximum, but the maximum 
v,alue of y is not necessarily the greatest value of y. 
In Fig. 28, tlie maximum of y is 2J, but this is by no 
means* tilt greatest value y can have at some other 
point of the curve. 



‘ Fio. K. Fio. 17. 


N.B . — For the particular ^lue of x that make® 

y a^)naximum^ the value of ^~ = 0. 

^ * dx " 

If a curve has the particular form of Fig. 17, the 
values of ^ will always be positive ; but there will 


be one particular place where the slope is least steep, 
where the vafte of ^ will be a minimum; that is. 


less than it is at any other part of the curve. 



*MEXN|NG of differentiation 8S 

I 

ij'ii 

If a curve has the form of Fig 18, the value of 

will be negative in the upper pa^t, and positive ?n*t he 
lower part; while at the nose of the curve where it 

becomes actually perpendicular, the value bf -j- will 
be infinitely great. ^ 



7 

Now that we understand that -j- measures me 

steepness of a curve at any point, let >*8 turn to some 
of the equations which we have already learned how 
to differentiate. ^ 

(1) As the* simplest Case take this: 

y^x+h. 

It is plotted out in Fig. 19, using equal scales 
for X and y. If we put a7=a0, then the corresponding 
ordinate will be y=6; that is to say, the “ curve 
crosses the y-axis at the height h. From here it 
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I 

ascends at 45° ; for whatever values we give to a? to 
the right, we have an equal y to ascend. The liae 
haS' a ^gradient of 1 iq 1. 

Now diflerentiate <y = a/*+6, by the rules we have 


already leffrncd (pp. 22 and 2G ante), and we get 


i — 


The slope of iho line i» such that for every little 
step die to the right, Ave go an equal little step dy 
upward. And this slope is constant — always the 
srihie slope. 



Fio. 19. Fig. 20. 


(2) Take another case : 

?/ = fu?+6. 

We know that this curve, like ttie preceding one, will 
starif from a height b on the jz-axis. But before we 
draw the curve, let us find its slope by differentiating ; 


which gives us ^ 


The slope will be constant, at 


an angle, tlie tangent of which is here called a. Let 
^us assign to a sfeme numerical value — say Then we 
must give it such a slope tliat it ascends 1 in 3; or 
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dx will be 3 times as great as dtj ; as magnified in 
Fig. 21. So, draw the line in Fig. 20 at this slqjje. 



Fig. •21. 


(3) Now for a slightly haixh‘r case. 

Let jy = a.;rr + 6. 

Again the curve will start on the ?/-axis at height 
h above the origin. 

Now ditfereijtiate. [If you have forgotten, turn 
back to p. 2G ; or, ratlier, dmi turn back, but think 
out the difierentiation.] 



qTT X 


Fig. 22. 

This shows that the steepne.ss will ribt be constant 
it increases as x increa^s. At the starting point jP, 
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where a? = 0, the curve (Fig. 22) has no steepness 
— tha[ is, it is level. On the left of the origin, whefe 

X has negative values, will also have negative 

\\X 

values, or ‘will descend from left to right, as in the 
Figure. 

Let us illustrate this by working out a particular 
instance. Taking the Equation 

and differqntiftting it, we get 


Now assign a few successive values, say from 0 to 
5, to x\ and calculate the corresponding values of y 

by the first etjuation; and of from the second 

equation. Tabulating results, we Jrave : 


X ^ 

1 

0 

« 

1 

2 

3 

4 

5 

y 1 

1 



4 

Ai 

7 

9i 

(Lv 1 

•* 

c 

0 

i 

1 

t 

H 

2 

H 


Then plot them out in two curves, Figs. 23 and 24 
in Fig. 23 plotting the# values of y against those of x 

and in Fig. 24 those of ^ against those of a?. For 
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I 

any assigned value of x, the height of the ordinate 
in the second curve is proportional to the slope of the 
first curve. * 
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The following examples show further applications 
of the principles just explained. 

(4) Find the slope*of the tangent to the curve 


at the point wh('re — 1* Find the angle which this 
tangent makes with the curve // = 2.r^4‘2. 

^The slope of tljc tangent is ^h ' slope of the curve at 
the point wIhtc they touch orio another (see p. 77); 


that is, it is tlie of the curve for that point. Here 

slope of the tangent and of tlie curve at that point. 
The tangent, being a st»‘aight line, has for equation 

y = ax + ft, and its slo})e is = a, hence <e = - - Also 

if ,r=— 1, ?/ = 2 ( tangent 


passes by this point, the coordinates of the point must 
satisfy the equation of the tangent, namely 


*1 • 

so that 2} = — 4 ^x( — 1) + 6 and ft = 2; the equation of 

the tangent is therefore ?/= — + 

Now, when two cur^jes meet, the intersection being 
^ point commcti to both curves, its coordinates must 
satisfy the equation of each ’one of the two curves; 
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that is, it must be a solution of the system of simul- 
taneous equatipns formed by coupling together the 
cipiations of the curves. Here ttlie curves meet *one 
another at points given by the solution of 

y=--i.r+2 or 2^-2+2= — + 

that is, a:;(2^'+ i)==0. 

This equation has for its vsolulions .r = 0 and .r = — J. 
The slope of the curve //=2,>‘- + 2 at any point is 


For the point where ^‘ = 0, this slope is zero; the curve 
is horizontal. For the point v liere 




1 - 1 . 
t’ (lx ’ 


hence the curve at that ])oint slopes downwards to 
the light at such an anole 0 with*the horizontal that 
tan^=l , that is, at to the horizontal. 

The slope of the straight line is — ^ , that is, it slopes 
downwards to the right and makes witR the horizoutal 
an angle <j} such thf^ tan<^ = ^, that is, an angle of 
26" 34'. It follows that at the first point the «urve 
cuts the straight line at an angle of 25"' 34', while at 
the second it cuts it at an angle of 45'" — 26° 34' =f 1 8“" 26'. 


(.5) A straight line is to be drawn, through a point 
whose coordinates are a? = 2, ?/^ — ], as tangent to the 
curve = — 5a;+6. Find the coordinates of the'*’ 

point of contact. * 
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* 

The slope o£ the tangent must be the same as the 

V " of ^^he curve ; that is, 2.r — 5. 
dx k 

The equation of the straight line is // = a^r;+&, and 
as it is satisfied for the \alues a? =2, 1, then 

-l = ax2-f&; also, its ^=a = 2ir~5. 


The X and the y o£*the point of contact must also 
satisfy both the equation ^f the tangent and the 


equation of the curve. 

We have thtn |L 

[ + (i) 

I = (ii) 

— l=2rt + ft (iii) 

[ a = 2 a 7 — 5, (iv) 


four equations in a, ft, x, y. 

Equations (i) and (ii) give — 5,r+6 = aJ74-&. 
Replacing a and^ft by tlieir value in this, we get 

X- — 5^:;+ G = (2a" — b)x — 1 - 2 (2.;f — 5), 

which shnplifies to — 4.x*+3 = 0, the solutions of 
which are: .t’ = 3 and x=l. R^Iacing in (i), we get 
y = (]^and // = 2 respectively; the two points of contact 
are then ir; = l* y—2; and x = S^ y = 0. 

In all exercises dealing with curves, students 
will find it extremely instructive to verify the deduc- 
tions obtained bv actually plotting the curves. 
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Exercises VIII, (See page 291 for Answers.) 

(1) Plot the curve — using a scrJe, of 

millimetres. Measure at point's corresponding to 
different values of .r, the angle of its slo^o. 

Findjhy differentiating the equation, tlie expression 
foi slope : and see, from a Table of Natural Tangents, 
whether this agrees with tjie measured angle. 


(2) Find what will be slo})e of the curve 

at the particular point thjBias as absci.^sa jr*=2. 

(3) If y = a)(x' — drehow that at the particular 

point of the curve where — i), x will have the value 

(4) Find the of the etjuation y=a'®+3n’; and 

calculate the numerical values the points 

corresponding to .r = 0, .i? = I , = 1, a? = 2. 


(5) In the curve to which the equation is .r-+ 2 /“ = 4, 
find the values of x at those points wIktc tlie slope = 1 . 


(6) Find the slope, Xt any point, of the citrve whose 

equation is + = niainerical value 

of the slope at the place where i«? = 0, and lat that 
where it?= 1. 


(7) The equation of a tangent to the curve 
y = 5 — 2a?+0-5a?®, being of the form p = mx+n, where 
m and n are constants, find the value of m and n if 
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the point where the tangent touches the curve has 
X = 2 for abscissa. 

f 

(8) At what angle* do the two curves 

= 3*5^6*“ + 2 and 7/ = x^ — 5x+9‘o 
cut one another ? 

(9) ^rang(Mits lo the cur\’e //= ± ^^2.) are drawn 
at points for which and x~ b the value of // being 
positive. Find tlie coordinate > of the point of inter- 
section of tile tangents and their mutual inclination. 

(10) 'A straiglit line // = 2./* — /> touches a cur\e 
^~3./r + 2 at one point. What are the coordinates 
of the point of contact, and what is tlie value of b i 



CHAPTER XL 

MAXIMA AND MINIMA. 

A QUANTITY which varies ccfiiiiiiuoiisly is said to 
pass by (or through) a maxiiuuni or inininium velue 
whou, in the course of its variation, the inmiediatcly 
preceding and following values are bhth ismaller or 
greater, lespeetively, than llu^ \alue referred to. An 
inlinitely great, value is tlauvlore not a maxiniuia 
value. 

One of the principal uses 
of the process of difieien- 6 - 
tiating is to find out undei 5 . 
what conditions the valin ; 
of the thing differenthitt d ; 
becomes a maximum, or 
minimum. This is often ex- 
ceedingly important in en- 
gineering questions, where ^ 
it is most • di^sirablt^ to 
know what conditions will make the cost of wmrking 
a minimum, or will make the efficiency a maximum. 

Now, to begin with a conciete case, lot us take the 
equation y = 7. 

By assigning a number of successive values to 
and finding the corresjtonding values of y, we can 
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readily see that the equation represents a curve with 
a mmimuTi). 


.I- 1 0 < 

■ h 

'6 

4 

5 

y Ij 7 


1 ^ 


i 

12 


These values are plotted in Fig. 2G, whioli shows 
that jf lias aj)[)areutly a Aiiiiinuim value of 3, when x 
is made eijual to 2.*^ Lut are you sure that the 
minimum occurh at 2, and not at 2J or at 1 J ? 

Of cours(‘ it would be possible with any algebraic 
expression td work out a lot of values, and in this 
way arrive gradually at the particular value that 
may be a maximum or a minimum. . 



Here is another example ; 
Let* y = 

Calculate a few values thus : 


X 


0 

' 1 

2 

3 

4 

5 

V 

-4 

0 

2 

2 

0 

-4 

-10 
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Plot these values as in Fig. 27. 

• It vrill be evident that there will be a maximum 
somewhere between = l and e* = 2; and the thing 
loohn as if the maximum value of y ought to be 
about 2}. Try some intermediate values. • If = 
y/ = 2187; if ?/ = 2 25; if = y = 2*24. 

How can we be sure that C*25 is the real maximum, 
or that it occurs exactly when tr = H ? 

Now' it may sound like juggling to be assured that 
there is a way by wdiich one can arrive straight at a 
maximum (or minimum) value without making a lot of 
preliminary trials or guesses. Aiul that way depends 
on differentiating. Look back to an earlier page (81) for 
the remarks about Figs. 14 .nd lo, and you wdll see 
that whenever a curve gels cither to its maximum 

or to its minimum height, at that j>oint its 

Now this gives us the clue to tlie dodge that is 
wanted. When there is put before you an equation, 
and you want to find that value of x that will make 
its y a minimum (or a maximum), diff^venticUe 

it, and having done so, write its as to zero, 

and tlien solve for x. Put this particular value»of x 
into the original equation, and you will then get the 
required value of y. This process is commonljjr called 
equating to zero,” 

To see how simply it works, take the example with 
which this chapter opens, namely 

4a7+7. 
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S6 


Difierentiating, we get : 


dff 

fljc 




Now equate this to zero, thus: 

2^*-4 = 0 . 


Solving this equation J‘or x, we get, 

2r = 4, 

./• = 2. 

Now, we know that the iij.iximurn (or minimum) 
will occur exactly when .r = 2 

Putting thdi \alue x — 2 into the original equation, 
wdget y = 2-~-(4,x2) + 7 

' = 4 -^ + 7 

Now look luck at Fig 2U, and you will st^e that the 
inininiuin occurs wlien 07=2, and that this minimum 
of // = n. 

Try second axample (Fig. which is 

Differentiati^ig, = 3 — 207. 

Equating to zero, 

, 3-2o* = 0, 

whence ' = 

and putting this value of x into the original equation, 
wetind: = 

y=^. 

This gives us .exactly the information as to whicli 
>the method of trying a lot of. values left us uncertain. 
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Now, before we go on to any further cases, we have 
two remarks to make. When you are told to equate 

to zero, you feel at first (thaf is if you have any 

wits of your own) a kind of resentment, bemuse you 

know that ^ has all sorts of diflcrent values at 
ax • 


dx 


different parts of the curve, acaording to whether it 
is sloping up or down. So, when you are suddenly 
told to write 

you resent it, and feel inclined to say that it can*t W 
true. Now you ‘will have to understand the essential 
difference between ‘‘an equation,’’ and “an equation 
of condition.” Ordinarily you are dealing wdth equa- 
tions that arc true in themselves, but, on occasions, 
of vrhich the present are examples, you have to write 
down equations that are not necessarily tru4|||at are 
only true if certain conditi|||^ are to bo fulfills ; and 
you write them down in order, by solving them, to 
find the conditions whicli make them ft-ue. Now we 
want to find the pai^icular value that x has when 
the curve is neither sloping up nor sloping down, Jhat 



is, at the particular place where ^' = 0* So, writing 

y UmJC 

does 710^ mean that it always is =0; l)ut you 


write it down os a condition in order to see how 

much X will come out if is to be zA*o. 

Mx 




G 
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The second remark is one which (if you have any 
wits of your own) you will probably have already 
made: namely, that this much-belauded process of 
equatinjj to zcto entirely fails to tell you whether 
the X tliet you thereby find is going to give you 
a Via. ciiiLurn value of // or a minimum value of y. 
Quite so. It does not of itself discriminate; it finds 
for you the right value of ,r but leaves you to find 
out for yourselves whether the corresponding y is a 
inaxiinuni or a minimum. Of course, if you have 
plotted the cur\e. j^ou know already which it will be. 

For instance, take the equ.ition: 




X 


^ I 


Without stopping to think what curve it corre- 
sponijj^to, diflerentiate it, and equate to zero: 

= \ = 0 ; 

/. X- 


whence 





will be either a iiiaxiinum or 6lsc a minimum. But 
wliich ? You will hereafter told a way, depeudiog 
upou a second differentiation, (see Chap. XII., p. 112). 
But at present it is enough if you will simply try 
any other value of x differing a little from the one 
found, and see whether with this altered value the 
corresponding* value of is less or greater than that 
Already found*'^ 
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Try another simple problem in maxima and minima. 
Suppose you were asked to divide any number into 
two**pa^^ such that the product was a maximVfm ? 
How would you set about it if 5 ^ou did not know 
the trick of equating to zero ? I suppose»you could 
worry it out by the rule of try, try,* try again. Let 
60 be the number. You cgm try cutting it into two 
parts, and multiplying them together. Thus, 50 times 
10 is oOO; 52 times 8 is 416; 40 times 20 is 800; 45 
times 15 is G75; 30 times 30 is 900. This looks like 
a maximum : try varying it. 31 tiulfcs is 899, 
which is not so good ; and 32 times 28 is 896, which 
is worse. .So ii seems that the biggest product will 
be got by dividing into two e(jual halves. 

Now see what the calculus tells you. Let the 
nuinLer to be cut into two parts be called ?i,^^^heu 
if X is one part, the other will be n^Xy and thdW||duct 
will be x{n’-x) or nx — x'. So we write 
Now differentiate and equate to zero ; 

2a?=0, 

ax 

Solving for a?, we ge^ 2 

So now we <4cnow th(^ whatever number n may be, 
we must divide it into two equal parts if the product 
of the parts is to be a maximum ; and the t^alue of 
that maximum product will always be = \7i?. 

This is a very useful rule* anj^ applies to any number 
of factors, so that if m+n+^ = a C(to8tant number, 
mxnxp is a maximum* when w=w=»5p. 
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Teat Case. 

Let us at once apply oar knowledge to a case that 
we’ can test. 


Let y=sfi—x\ 

and let us find whether this function has a maximum 
or minimum ; and if so, test whether it is a maximum 
or a minimum. 

Differentiating, we get 



1 . 


Equating to zero, we get 
2.»-l=0. 
whence 2x—l, 


or «= \ 

That is to say, when x is made = the corresponding 
value of y will be^ither a maximum or a minimum. 
Accordingly, putting ar— in the original equation, we 
= 
or 

. . €> 

this a maximum or a minimum ? To test it, try 
putting X a iittie bigger thaw -1^, — say make a;— O'fi 

Then y= (06)® -06 = 036 -06= -024, 

which is higher up than —0*25; showing that 
y= — 0‘25 is a minimum. 

Plot the curve for yourself, and verify the cal- 
culation. 
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Fvaiher Examples, 

A most interesting example is afforded by a jurve 
that has both a maximum and a minimum. Its 
equation is : y = + 3j- + 1. 

Now ^J^=a;®-4aj+3. 


X 


Tio 5^. 

Equating to zero, we get the quadraflc, 
x%-^ +3 = 0 } 

and solving t]ie quadratic gives us two roots, viz. 
*f.r=3 
ta! = l. 

Now, when a? = 3, y = l} and when a7 = l, y = 
The first of these is a miiymum, the second a 
maximum. • 

The curve itself may* be plotted (as in Fig. 28) 
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from the values calculated, as below, from, the 
original equation. 


a* 

-1 

0 

1 

2 

3 

4 

5 

6 


-4\ 

1 

1 1 

n 


1 



19 


A further exercise ^ in inaxinia and minima is 
afforded by tlie following cxam]>le : 

The equation to a circle of radius r, having its 
centre C at fhe point whose coordinates are a7 = a, 
jy = 6, as depicted in Fig. 29, is : 

{y — hY+{x—nf-r\ . 

Tliis may be transformed into 



Now we ktoow beforehand, by mere inspection of 
the figure, that when^j7s=*a, y will be either at its 
' maximum value, 6+r, or else at its minimum 
value, 6 — r. But let us not* take advantage of this 
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IcBoniedge; let os set about finding what value 
of X will make y a maximum or a minimum, Ipr the 
process of differentiating and equating to zero. * 


dy _1 
dx 2 Vr*— (»— a)'* 


x(2a—2a;)^ 


which reduces to * 

a—x 

Th^Hl^he condition for y being ^nxininm or 
minimum is: 

. , ^0. 

(u; — 


Since no value whatever of x will make the de- 
^minator infinite, the only condition to give zero is 


x — a. 

Inserting this value in the original equation for 
the circle, we find _ 

y=>Ji^+h-, 

and as the root of F is either +r or <t|;> we have 
two resulting values of y, 

fj/ = &+r 
\y=^h—r. 

The first of these is the ^aximum, at the top ; 
the second the minimum, at the bottom. 
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If the curve is such that there is no place that is a 
maximum or minimum, the process of equating to 
zero will yield an iirfpossible result. For instance ; 


Let 

Then 


y^cux^+bx+c^ 
dy 


dx 


= 3aa^®-f 6. 


-6 


Equating this to zero, we get 3^^^+?> = 0, 

and X— which is impossible, supposing a and ft 

V Wa 

to have tl\e same sign. 


Tlierefore y Has no maximum nor minimum. 

A few more worked examplcvS will enable you to 
tlioroughly master this most interesting and useful 
application of the calculus. 

(1) What are the sides of the rectangle of maximum 
area inscribed in a circle of radius R ? 

] f one side be called x, 

^\e other side = \/ (diagonal f — 
and as j^he diagonal of the rectangle is necessarily a 
diameter, the otlier side = 

Tlien, area of rectangle S—acK/ili^—a^, 

dx dx dx 


If you have forgotten how to differentiate 
here is a hint: write iR^—ac^^w and and 

seek and ; fight it out, and only if you can’t 

c 

get on refer to page 67. 
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You will get 

V a* . 

i(je ^ 




4J^— 2«!* 


For maximum or minimum we must have 
4/g»-2a;^ 

that is, 4/P — 2.r^ = 0 and x = lV\/2. 

The other side = -s/ 4/P — 2/P = R s/2 ; th^^wo sides 
are equal ; the ligure is a sijuare the^aide o£ which is 
equal to the diagonal of tlie sfjiiare cgnstruc^^cd on the 
radi,y^, In this case it is, of course, i maximum with 
which we arc d6aling. 


(2) What is the radius of th(3 opening of a conical 
vessel the sloping side of which has a length I when 
the capacity of the vessel is greatest ^ 

If I? be the radius and // the corresponding height, 

h=J¥^\ 

Volume F=7r/?2x*^ = 7rJ?2x 

»■) »> • 



Proceeding ae in tjjc previous problem, we get 


dV 

dR 


— irR^ X 


R 




2tR 

3 


Jii-m 


^irRiP-m)—irm 

for maximum or minimum. , 

Or, 2irR(P — JB®) — vR* = 0, and R = fV ^ , for a maxi- 
mum, obviously. 
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(3) Find the maxima and minima of the function 
X . 4— a? 


We get 

^IL - (ii: ^ 

(4 — 

for maximum or minimum ; or 


4 4 

(4 — xf X* 


0 and x=2. 


There fs only one value, hence only one maximum 
or minimum. 

For x = 2, ?/ = 2, , 

for .x’ = l*5, // = 2‘27, 
for ,r = 2*5, ?/ = 2'27 ; 


it* is therefore a minimum. (It is instructive to plot 
the graph of the function.) 


(4) Find the maxima and minima of the function 
f/= s/l +x + Myi—x. (It will be found instructive to 
plot tlie graph*) 

Differentiating gives at onc% (see example No. 1, 
p. 6C) 

2 tJl+ji: 2J1—X 


for maximum or minimum. 

Hence and a? = 0, the only solution 

Fori>:=(), * y=»2. 

For 0?= ±0*5, j( = 1-932, so this is a maximum. 
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(5) . Find the maxima and minima of the function 

a“-5 

^"2a;-4' • 

We have 

rf//_(2.r-4)x 2a— • 

(lx (2dj — 4y 

for maximum A minimum ;*oi‘ 

2r2^8r+10* 

■ (2a-4)> 

or a’® — 4j;+5 = 0 , wliich has loi solutions 

x = l±J-\ ' * 

These being imaginary, is no real value of or 

for which “ = 0. hence there is neither maximum nor 
iU' 

minimum. . 

(6) Find the maxima and minima of the function 

This may be written ^ = 

^ = 2a;± ? = 0 for maximum or minimum ; 

that is, a 7 ( 2 ±|a?^) = 0, wliich is satisfied for a' = 0, 
and for 2±|a?^ = 0, fliat is for So’tliere are 

two solutions! ^ j' • 

Taking first a? = 0. If x= — 0'^ y = 0 25 ±4^— (*o)^, 
and if a? =+0*5, y = 0’25± v^(•5)^ On one stde y is 
imaginary ; that is, tliere is no value of y that can lie 
represented by a graph ; the latj^er is therefore entirely 
on the right side of the axis of y (see Fig. 30). 

On plotting the graph it will be found that the 
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curve goes to the origin, as if there were a minimum 
there but instead of continuing beyond, as it should 
do for a minimum, ib retraces its steps (forming what 
is called a “ cusp ”). There is no minimum, therefore, 
althougli <*die condition for a minimum is satisfied, 


namely = It is necessary therefore always to 


check by taking one value on either side. 



Now, if we take x = >. ® = 0 G4. «^If x = 0 64, y = 0*7373 
and J/ = 0*0819; if a* = 0*6, y becomes 0*63^49 and 0*0811; 
and if x* = 0*7,*^y becomes 0*899^ and 0*0804. 

This ?hows that there are two branches of the curve; 
the upper one does not pass through a maximum, but 
the lower one does. 

(7) A cylinder whose height is twice the radius of 
the base is increasing in voluftne, so that all its parts 
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keep Always in tlie same proportion to each other; 
that is, at any instant, the cylindei* is similar the 
original cylinder. When the rjfdius of tlic base* is 
r feet, tlie surface area is increasing at the rate of 
20 square inches per second ; at what rate ^er second 
is its volume then increasing ? 


Area =S = 2 (irr-) + Stt/- x 2r = 
Volume = r=7rr-x2r = 27rr\ 

dS dr dr 20 

dt dt dt r27rf 

dy . ..dr , 

7u‘^dV 

dv : « 20 

-r: =()-7rr-X =10r. 

dt 1 27r/- 


Tlie volume changes at the rate of lOr cubic inches 
per second. 


Make other examples for yourself. There are few 
subjects which offer sucli a wealth for interesting 
examples. 


Exercises (See ^age 292 for Answers.) 

(1) What values of x will make y a maximum 

and a minimum, if y=— jpj * 

(2) What value of x will m2ke p maximum in 

nc 

the equation ^ * 

(* “rX 
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(3) A line of length is to be cut up into 4. parts 
and put together as a rectangle. Show that the area 
of 'the rectangle wiil Ije a maximum if each of its 
aides is equal to \p. 

(-1?) A jViece of string 30 inches long has its two 
ends joined together and is stretched by 3 pegs so 
as to form a triangle. What is the largest triangular 
area that can be enclosed by the string ? 

(Hint : Apply last three lines of p. 99.) 

(5) Plot the curve corresponding to tlie equation 

10 . 10 

also find , and deduce tlie value of x that will 
ilx 

make y a miniinum ; and find that minimum value 
of //. 

(6) If find what values of x will make 

y a maximum or a minimum. 

(7) What is the smallest square that can be in- 
scribed in a given square ? 

(8) Inscribe in a given conef the lieight of which 
is 6qual to the radius of the bas% a cylinder 
{a) whose volume is a maximum ; (6) whose lateral 
area io a maximum ; (o) whose total area is a 
maximum. 

(9) Inscribe^in a sphere, cylinder (a) whose 
volume is a Maximum ; (6) whose lateral area is a 
maximum ; (c) whose total area is a. maximum. 



Ill 


mixiMA AND| MINIMA 

(lOyA spherical balloon is increasing in volume. 
It, when its radius is r feet, its volume is increasing 
at the rate of 4 cubic feet per second, at what is 
its surface then increasing ^ 

(11) Inscribe in a given sphere a •cone whose volume 
is a maximum 


(12) The current C giv^en hyh battery of N similar 
voltaic cells is C= ^ wlnie E, It, r, are constants 


and H is the number of cells coupled in series Find 
the proportion of n to N for which the current is 
greatest 



CHAPTER XII. 

CURVATURE OF CURVES. 


Returning to the process of successive differentia- 
tion, it may be asked: Why (h)es anybody want to 
differentiate twice over ? We know that when the 
variably j:(uantilie8 are space and time, by differ- 
entiating twice over we get the acceleration of a 
moving body, and that in the geometrical interpreta- 



it means the rate (per unit of length x) at which the 
elope is changing — in brief, it is an iisi^ation of the 
manner in the slope of the poriion of curve 

considered vcmes, that is, whether the slope of the 
curve increases or decreases when x increases, or, in 
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other, words, whether the curve curves up or down 

towards the righir 

Suppose a slope constant, as in^Fig. 31. 

Here, ^ is of constant value. 

Suppose, however, a case in which, like Fig. 32, 
the slope itself is getting * greater upwards; then 




" fig ""' ^ positive. 

If the slope is becoming loss as you go to the 
right (as in Fig. 14, p. 81), or as in Fig. 33, ilien, 
even though the curve may be 
going upward, since the cliange 
is such as to diminish its slope, 

its “4 will be negative. 

It is now time to initiate 
you into another secret — liow 
to tell wheth^ the result that 
you get by “ J|||uating to zero ” 
is a maximum or a minimum. The trick is this ; After 
you ,h^ye.jdij|flferentiated (so as to get the expre^ion 
which yoii equate to ^ro), you then differentiate a 
second tipae, and look wheth^^tlie result of the second 

differentiatiou-ls positive or negative. If comes 
out positive, then you know, that value of y 
whhA you got was a ; but if ^ comes 



Fio. 33. 


O.M.E. 


H 
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out 'iierjative, then the value of y which you got ni}|st 
be a 'K;naximnm That’s the rule. 

The reason of it otight to be quite evident. Think 
of any curve that has a minimum point in it, like 
Fig. 15 (p 81), or like Fig. 34, where the point of 
minimum y is marked My and the curve is concave 
upwards To the left of M the slope is downward, 
that is, negative, and fs getting less negative. To the 
right of M the slope has b(‘eoine upward, and is 




getting more and more upward. Clearly the change 
of slope as th(f cune pasvses through 31 is such that 
(Pu 

- * , is positivey for its operation , x increases toward 

the right, is, to convert a downward slope into an 
upward one. 

Similarly, consider any curve that has a maximum 
point in it, like Fig. 16 (p. 82), or like Fig. 35, where 
tlie curve is tonvex^, and the maximum point is 
marked iff. Eli this case, as the curve passes through 
M from left to right, its upward slope is converted 
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into 'a downward or negative slope, so that in this 
case the “ slope of the slope is negative. 


Go back now to the examples of the last chapter 
and verify in this way the conclusions arrif ed at as to 
whether in any particular case tlicre is a maximum 
or a minimum. You will find hAow a few worked 
out examples. 


(1) Find the maximum or minimum of 

(a) y = (h) = 

and ascertain if it be a iiiaxiinurn or a minimum in 
each case. 

(a) = = aj=li; and —11 005. 

^^ = 8; it is + ; hence it is a minimum. - * 

(6)^^^=9-8a? = 0; ir = l{; and ?/= +11 005. 

= — 8 ; it is — ; hence it is a maximum. 

* dx- * • 

(2) Find the maxjma and minima of the function 
— 3a?+16. 

3 = o! x*^ = l; and£r=*±l. 

^=:6a?; forjr = l; it is +; 


hence a?=l corresponds to a sninimum ^=14. For 
— 1 it is — ; hence a? = — 1 corresponds to a maxi- 
mum y=+ 18. * 
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(3) Find the maxima and minima of = jr- 

'dn _(x^ + 2) xl —Xw — 1 ) X 2 j; _ 2a7 — + 2 _ _ . 
dx~ ' (ijd+2f~ ~ (x^+2f ~ ’ 

t 

or 07^ — 2.r— 2 = 0, whose solutions are o.*=+2 73 and 
it? =-0*73. 


d\t/^ +2fx (2x - 2) - - 2o? -- + Hx) 

dx^ 

2.7r^ - 6.r^ - - 8or - 24.» + 8 

(x^ + 2Y 


The d('no!uinator is always positive, so it is sufficient 
to ascertain the sijjjn of the numerator.* 

If we put ;r = 2*73, the numerator is negative; the 
maximum, y = ()183. 

If we put o*= —0*73, the numerator is positive; the 
minimum, y= — 0’t)83. 


(4) The expense C of handling the products of a 
certain factory varies witli the wi'okly output P 

according to tile relation C=aP+~^+d, where 

6, Cy d are positive constants. For what output 
will tlie expenjse be least ? €> 


dC_ _ h 

(c+p)* 


hence a = 


h 

(c+P)* 


= 0 for maximum or minimum ; 

and F=±J^-c. 

• y a 


«• IT 

As the output cannot be negative^ P= + \ ” — ^ 
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Now 


d^C_ b(2c+2P) 
{c+Pf ' 


which is positive for all the values of P; hSnco 
P= corresponds to a rnininiurn. 


(5) The total cost per lioiu* C of lighting a buihling 
with^’" lamps of a certain kind*ivS 


where Pis the commercial elficicney (vvaJts^er candle), 


P is the cand](‘ ]:>owor of each lamp, 
t is the average life of each lamp in hours, 

(7i = co.st of renewal in pence per hour of use, 

(7^ = cost of energy p(.T 1000 watts per hour, , 
Moreover, the relation connecting the average life 
of a lamp with the commercial efl^t^ioaicy at which it 
is run is approximately f = wdiere m and n are 
constants depending on the kind of lamp. 
v« Find the commercial efficiency for #hich the total 
cost of lighting will l^:? least. 


We have , 


dE 


_ Vpi jg’-(«+i)'i=o • 

1000 J 


for maximum or minimum. 
1000 xnC, 


£»'+i=- 


mPC. 


and E 


= 7 - 


tOOOxnCi 

mPC. 
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This is clearly for minimum, since 

which is positive for a positive value of E. 

For a jlarticular type of 16 candle-power lamps 
C', = 17 pence, C, = 5 pence; and it was found that 
W=10 and // = 3‘6. 


E 


_*V\m)x¥(ix 17 
“V 'ioxldx5' 


4 - 

= 2'G watts per Candle-power. 


Exerciser X. (You arc advised to plot the graph 
of any numerical example.) (See p. 292 for the 
Answers.) 

(1) Find the maxima and minima of 

(2) Given ?/= fiiid expressions for and 

for also find tlie value of x v^hich makes y a 

maximum or & iniuimum, and show whether it is 
maximum or minimum. ^ 

(3^ Find how many maxima and how piany minima 
there are in tfie curve, the equation to which is 
* , a?* , ar* . 

"2 "^ 24 ’ 

and how many in tha^ of which the equation is 


4 
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(4) . Find the maxima and minima of 

.y=2a;+l+^. 

(5) Fivg the maxima and minima of 

3 

(6) Find t)j|^^axima and minima of 

5.jr 

^”2+x‘-' 


(7) Find the maxima and minima of 


X . ^ 


3«!J? I I r 


(8) Divide a number N into two parts in such .a 
way that three times the s(juare of one part plus 
tvrice the sejuare of tlie other* part shall be a 
minimum. 


^ (9) The efficiency u of an electric; generator at 
different values of output x is expressed by the 
general equation : • 

_ 0^ . 

where a is a constant depending chiefly on the •energy 
losses in the iron and c a constant depending chiefly 
on the resistance of the copper* parts. Find an ex- 
pression for that value of the output* at which the 
efficiency will be a maxinlum. 
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(10) Suppose it to be known that consumption of 
coal by a certain steamer may be represented by the 
formula y = 0*3-|-0’00]tr^, where // is the number of 
tons of coal burned per hour and v is the speed 
expressed ‘ in nautical miles per hour. The cost of 
wa^es, interest on capital, and depreciation of that 
ship are together equal, per hour, to the cost of 
1 ton of coal What* speed will make the total cost 
of a voyage of 1000 nautical miles a minimum ? 
And, if coal costs 10 shillings per ton, what will that 
minimum'cost of the voyage amount to ^ 

(11) Find the maxima and minima of 

//= 

‘(12) Find the maxima and minima of 
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OTflER USEFUL DODGES. 


Partial Fractions. 


We have seen that when we dittcrontig-te a fraction 
we have to perform a rather complicated operation; 
and, if the fraction is not itself a simple one, the result 
is bound to be a complicated expression. If we could 
split the fraction into two or more simpler fractions 
such that their sum is equivalent to the original 
fraction, we could then proceed hy difFercntiatihg 
each of-tl^ese sin\j)ler expimsions And the result of 
differentiating would be the sunf of two (or more) 
differentials, each one of which is relatively simple; 
while the final expression, though of course it will be 
the same as that wliicli could be obtained without 
^Tasorting to this dodge, is thus obtained with much 
less eflbrt and appears in a simplified form. • 

Let tts see how to iSeach this result.* Try first the 
job of adding two fractions tc^ethet to form a ijesultant 


fraction. Take, for example, the two fractions - —r 

2 • ^*7“ A 

and Every schoolfeoy can ad<^ thejie together 

^“"1 0,1 
and find their sum to — j-* And in the same 
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way he can add together three or more fractions. 
Now^his process can certainly be reversed : that is to 
say that, if this last ^pression were given, it is certain 
that it can somehow be split back again into its 
original components or partial fractions. Only we do 
not know in every case that may be presented to us 
how we can so split it.* In order to find this out 
we shall consider a simple case at first. But it is 
important to bear in mind that all which follows 
applies only to what are called “proper'* algebraic 
fractions, meaning fractions like the above, which have 
the numerator of a lesser degree than the denominator ; 
that is, those in which the highest index of x is less 
in the numerator than in the denominator. If ^ve. 


£r*- + S 

have to deal with such an expression as , we can 

X" ““ i 


'simplify it by division, since it is (Miuivalent to 

As 3 

and is a proper algebraic ^||etion 

to which the operation of splitting into partial fractions 
can be applied,*as explained hereafter. 

Case L If we perform inanj; additions of two^or 
more fractions the denominators of which contain only 
terms in a?, and no ^rms in or any*other powers 
of A*, we always find that the denominator of the final 
remltiitg fraction is the product of the denominators 
of the fractions which were added to form the result 
It follows that by factorizing the denomiulitor of this 
final fraction, \^e can find every one of the denomina- 
tors of the partial fractions of which are in search. 
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Suppose we wish to go back from to the 

1 2 * 

components wliich we know j V— ~i* * 

we did not know what those componentH were we can 
still prepare the way by writing : 

3t/' “f" 1 __ “hi, 

X*-— 1 + l r 


leaving blank the places for the ininierators until we 
know what to put there We always may assume the 
sign between the partial fractions to ha^^luSy since, if 
it be minm, we shall simply find the corresponding 
numerator to be iiegativt‘ Now, since the partial 
fractions are proiier fractions, the numerators are 
'^Tiere numbers without a: at all, and we can call them 
4, jB, (7 ... as we please. So, in this case, we have:^ 


c3j»+ 1 


a;+l aj— 1 


If.liw, we perform the addition of these two 

. . I « 1)+ jB(a*+ 1 ) j ,1 . 

partial fractions, we get - ^“is 

^ 3./* 1 

must be equal to 7-' , *~r\- l-he de* 

^ (xArl){x-l) , 

nominators in tliese two expre84on8 are the same, 

the numerators must be e<£ual, giving us : 


3a'+ 1 = A{x—V)+ B{x+l ) 


Now, this is an equation with two unknown 
quantities, and it would seem that ws need another 
equation before we can solve them and find A and B, 
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But there is another way out of this difficulty,. The 
ecjua|;iori must be true for all values of x ) therefor^ 
it ‘must be true for* such values of x as will cause 
a?— 1 and x+1 to become zero, that is for and 

for respectively. If we make .r=l, we get 

4«(A X 0)+(/?x 2), so that li=2: and if we make 
.a; = — I , wc get — 2 — ( A )C — 2 ) + X 0), so that A = l. 
Replacing the A and of the partial fractions by 


these new values, we find tliem to become 
2 

] and tlK3 thing is done. 

a? " J- 


1 

X 4" I 


and 


As a furtluir example, let us take the fraction 
4i;i^ + 2 — 1 4 

Tho denominator b(‘comos zero when 

X is given the value 1 ; hence 1 is a factor of it, 
and obviously th(‘n the other factor will be a?^+4it*+3 ; 
and this can again be decomposed into (,r+l)(x*+3). 
So wc may write the fraction tlms : 

^ A B C 

— c /; — ;3 x-\-i x+Z' 

making three partial factors. 

Proceeding as before, we find ' 

-4x" + 2x -44 = J (a— 1 )(;» -hS) + l)(ar+ 3) 

+ C(a:+l)(a!-l). 
Now, if wc make x=l, we get : 

-8 = (4xO)+P(2x4)+(CxO); that is, 5= -1. 

C 

If a; = —1, 1^6 get 

— 12=4( — 2x 2)+(fixO)+(C'xO); whence 4 = 3. 
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If x= —3, we get; 

16=(4xO)+(RxO)+CX-2x -4): whence (7?=^. 
So then the partial fractions are : 

_3 L_+ J 

itr-- + 3' 

which is far easier to differentiate with respect to x 
than the complicated expression from which it is 
derived. 

Case II, If some of the factors of the.denominator 
contain terms in and are not conveniently put 
into factors, then the corresponding numerator tnay 
contain a term in x, as well as a simple number, and 
hence it becomes necessary to rt'present this unknown 
numerator not by the symbol but by Ax + Ii’, the 
rest of the calculation being made as before. 

Try, for instance : — -o-r'fxv 

•' + 0 (^+ 1 ) 

-a ^-3 _A x+B C . 

. (a;®+l)(a?4-l) a;*+l 

- - 3 = (Aa;+ Ji)(x+ 1) + CW + 1 \ 

Putting a? = — 1, we get — 4 = Cx 2 ; and C — ; 

hence — ar — 3 = (./la;4-R)(a?+l) — 2a?*'^2 ; 

and a:f^—l=Ax(x+l)+B{x+l). 

Putting a?=0, we get — 1 = R; 
hence , 

a;*— l=ilaj(a?+l)— ar-1 ; or x^+x^Axix+l); 
and «+l=A(ar+l), 
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so that A = 1, and the partial fractions are ; 

a? — 1 

V+1 x+V 

Take as another example the fraction 


We 

j'^ — 2 Ax^B Cx-^D 

+ + ~x^ + r V + 2“ 

U-^+l)(a?2+2) 

In this case the determination of A, B, C, I) is not 
so easy. It will be &im 2 )lcr to proceed as follows: 
Since the given fraction and the fraction found by » 
adding the partial fractions are equal, and have 
i(lei7tiC(iI denominators, the numerators must also be j 
identically the same In such a case, and for such 
algebraical expressions as those wnth which we are 
dealing here, the coefficients of the same powers of x 
are equal and^of sa me sign, 

H(‘nce, since 

a!»-2=(4a;+£)(j;*+2)+((7^4--Z>)(j^+l) 

=-{A+4y)a^+{B+D)A+{^A + Cr)x+2B+D, 


we have 1 = A + C; 0 = B+D (the coefficient of 
in the* left expression being zero), 0==2A+C; and 
— 2ss:2jR+D* Here are four equationa, from w^h 
we readily obtain A = — 1; 2?==— 2; (7=2; J9 = 0; 

so that the partial fractions are 
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This method can always be used; but the method 
shown fii*st will be found the quickest in the ciyie of 
factors in x only. • 


Cane III When among the factors of the denofni- 
nator there aie some which are raised to sofhe power, 
one must allow foi the possible existence of partial 
fractions ha\ing for denominatoi tlie several jiovvers 
of that factor up to the highest For instance, in 


splitting the fraction 


{x+iy(x-2} 


v\e must allow for 


the possible existence of a denominator'.?* -pi as well 
as (j:? + 1)^ and 

It maybe thought however, (hat, sinc(* the numerator 
of ilie fraction the denominator of which is {a?+l)^ 
may contain terms in must allow lor this in 

writing Ax + B for its numeiator, so that 


3./*^ — _Ax-{-B C D 

If, however, we try to find J, /#, C and I) in this case, 
we fail, because we get four unknowns , and v^e have 
only three relations connecting them, yet 

3.t?-- 2.i*-f 1 x—\ 11 

{x+Tf)\x-2)'^ (x+i)^^ x-2' 

But if we write 


Sx^^2x+ l A B O 
{x^lf(x-2) {x+iy^ 

we get 

3ar* - 2a?+ 1 « 4(aj- 2)+R(a;+ l)(aj- 2)+ e(»+ 1)*, 
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which gives C= 1 for x=2. Replacing C by its value, 
tranfjTK)sing, gathering like terms, and dividing by 
we get A + B{x+l\ which gives A =» —2 

for j? = — 1 Replacing A by its value, we get 

' 2^=-2+i?(a;+l). 

Hence = 2 , so that fhe partial fractions are : 

2 'I 2 

(ir-f-1)- j? — 2* 


\ \ 

instead ot ~ -t-z+/ , stated above as being 

+ l (.r-flr — - 

3^1 — 2^’ -f I 

the fractions from which /- was obtained. 

{x+iy{x-2) 

The mysteiy is cleared if we observe that 


itself be split into the two fractions so 

that three fiactions given are really equivalent to 


2 . . 2 1 

jc+l'^jc+1 {x+\y'^jr--2 «j+l ix+lY^x-2' 


which are the partial fractions obtained. 

We see that it is suflBcient to ailow for one numerical 
term in each numerator, and that we dways get the 
ultimate partial fractions. 

When there is a power of a factor of in the 
denominator, however, the corresponding numerators 
must be of the form Aaj+J?; for example^ 


Say— 4 _ Ax+B , Cx+D , E 

<2»»-l)^H:i5“"(2«*-*l)*'*‘2a!*-l ■‘‘ar+l’ 
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which gives 

• ^x—\^{Ax+B){x+l) 

+{Cx+ D){x-{^V){2a^- 1 )+ 1 ) 2 ; 

For a? = — 1, this gives — 4 Replacing, traiiS' 
posing, collecting like terms, and dividing by x+1^ 
we get 

1 - 16:^2 + 3 = 2Cx^ + 2Dx^^-^ x(A - C) + (li- Dl 

Hence 2C=16 and C=S, 2/>=-lGand 
A — C= 0 or *4 — 8 = 0 and ^ = S , and finally, 2? — X) = 3 
or B = — 5 So that we obtain as the partiaf fractions . 

8a?-5 8(u'-l) 4 

2x^-1 x+V 

It is useful to check Hk lesults obtained The 
simplest way is to replace by a single value, say 
4-1, both in the given expiession and in the paitial 
fractions obtained 

Whenever the denominator contains but a power of 
a single factor, a very quick method is as follows : 

Taking, for example, let ir+l=i^; then 

Replacing, get 

4(g--l)4-1 ^ 4;;^8 ^4 3 

The partial fractions are, therefore, 

4 i 

(a;+l)? (aJ+1)*' 

I 


an.E. 
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Applying this to differentiation, let it be required 
to dilVerentiate v=/T-.) . ►• — we have 

dy (6a;H7a;-3)x4+(5-4a,>)(1^7) 
dx~ {iia?+ix^ 'W— 

24,/- g-60 ,g-23 

Ij we split the given exproasion into 

1_ 2 

3.C — 1 2j;+3’ 

we get, however, 

djf 3 ,_4_ 

I dx (3aj— 1)“'^(2./'+3)'’ 
which is really the same result as alx)ve split into 
partial fractions. But the splitting, if done after 
differentiating, is more cetnplitated, as v(il||ea.sily be 
s(“(‘n. When we shall deal with the inir^Nijtiov of 
such expressions, ' we shall find^ the splitting into 
partial fractions a precious auxilii^ (see p. 230). 

, 

Exercises XI. (See page 293^ for Answers.) 


Split into fractions : 

(1) 

(x — 3)(.c+4) 

a-*+af-12 ^ 

(ti\ 

r2«+^3'®“2) 



(4) 

^ ' »*-7ar+12 

... a---13 a!;+26 

> ’ (ar— 2)(a;-3)(a;— 4)’ 



(7) 

( 8 ) 
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3*-ai-+i 




(d; — lX-» + — 3) 
5a!»+7-r+l 


t 




l)(3d:-2)(3ji;+l) 


t) 

(13; 
(15) 
(17) 


la5+4 


m 


JK^+X+ 1) 


1)(X+1) 

_ 8a^+2r+_l 

<d-+2Hjr-*+i!+l)‘'* 
7j-^4-9d;— 1 
"(3«-2)»~ 


( 10 ) 

.(12) 

(14) 

(16) 


ir*+l* 

ir»+l’ 


X 


{x—l){x— 
x-\-8 

(x+2)=*(a?-!)' 
Sar^+Sa;— 1*2 
(»+4)* 
ir* 


<18)75Sr 


(a.*— 8)(d?— 2) 


Jlfc'ereatial of an luverse Function. 

Cramer tlie function (see p. ii)y = 3a?; it can bo 

expressed in the r='!^, this latter form is .Called 

the <inven,e funcpum to the one originally givafi. 

If wsfSd", ^^- = 3, <f .r={{, ^ = 1, and we 6eo that 
<tX •> ay 6 

'*£^' = -L»or 
tdje 4 lx dx dy 

^ dy 

Ckmsider w=4a!®, -/-=8aj; the inverse funedra n 
" cw- ’ , n 

__j dx_ 1 


!• 1 
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Here again 


^ v ^-1 

dx dy 


It can be shown that for all functions which can be 
put into the inverse form, one can always write 


dy 1 

dx^ dy'^ dix'^^ 

<fy 


It follows that, being given a function, if it be 
easier to difF(‘rentiate the inverse function, this may 
be done, and the reciprocal of the differential coefficient 
of the inverse function gives tlie differential coefficient 
of the given function itself. 


As an example, suppose that wt wish to differentiate 
— 

y=yj-—l We have seen one way of doing this, 

by writing w = ^ — 1, and finding and This 

gives 

dy^ 

dx 

^ 2^ 


V!-- 


If we had forgotten how to proceed by this method, 
or wished to jrheck our resulttpby some bther way of 
obtaining the differential coefficient, or for any other 
reason we could not use the ordinary method, we could 

3 

proceed as follows : The inverse function is a? = 7-7- 
0 1 + 

d(» 8 X 2y 6y 

dy" "( 1 + 2 / 7 ' 
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h6nc6 / g v2 

dje ^[je Gv 

Ty 6x 




2ar* 


VP 


1 


Let us take, as another example, y = _• 

^ V o+ J 

The inverse function is 0= — 5 or 0=w”^ — 5, and 

T* 

^=-3r‘=-3^(0 + 5/. 

It follows that ^ * , *> might have 

de 3 ^( 0 + 5 / ^ 


been found otherwise 

We shall find this dodge most useful later on, 
meanwhile you are advised to become familiar with 
it by verifying by its means the results obtained in 
Exercises I. (p. 25), Nos 5, 6, 7; Examples (p. 6§), 
Nos. 1, 2, 4 : and Exorcises VL (p. 73), Nos. 1, 2, 3 
and 4. * 


You will surely realize from this Siapter and the 
preceding, that in nfany respects the calculus is an 
art rather tiffin a science : an art only to be acqifired, 
as all other arts are, by practice Hen8e you should 
work many examples, and set yourself other examples,, 
to see if you can work them out, until the various 
artifices become familiar by use. 



CHAPTER XIV. 

ON TRUE COMPQUNU INTEREST AND THE 
LAW OF ORGANIC GROWTH. 

Let tlicTv he a quantity in such a way that 

the incr(*fn<'nl of its growth, durinj^ a given time, 
shall alvViU s he })i‘opoi'lional to iU own magnitude. 
Tins roseiuhles the process of reckoning interest on 
money at some li\ed rate, for the bigger tin' cai-)ital, 
the bigger tlie amount of intc lest on it in a given 
time. 

Now we must distingui.sli clearly between two 
cases, in our ealculction. according as the calculation 
is made by what tlie arithm(*tic books call "simple 
interest/’ or by wliat they call "compound interest.” 
For in tlie fohner case the capital remains fixed* 
wdiile in the latter the interest I's added to the cap- 
ital, iWliich thei'efore increases by successive additions. 

* 

(1) At simple interest. Consider a concrete case. 
Let tlie capital at start bo £100, and let the rate 
of interest be 10 per cent, per annum. Then the 
increment to the owmer of the capital will be £10 
every year. I^t him go on drawing his interest 
every year, and hoard it by putting it by in a 
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stocking, or locking it up in his safe. Then, if he 
goes on for 10 years, by the end of that time Im will 
have received 10 increments of £10 each, or £100, 
making, with the original £100, a total of £200 in all. 
His properly will have doubled itself iif 10 years. 
If the rate of interest had been 5 per* cent., he would 
have had to hoard for 20 years U) double his property. 
If it had been only 2 per cenf , he would have had 
to lioard for 50 years. It is easy to see that if the 

value of the y('arly interest is ~ of ^he ca 2 )ital he 

must go on lajarding for years in order to double 
his property. 

Or, if y be the oiiginal capital, and the yearly 
interest is,~, then, at the end of n years, his property 

will be y + 

(2) At compound inff r(^f. Asljefore, let the owner 
begin witii a capital oi £100, earning interest at tj^e 
j-ate of 10 per cent, per annum; ibut, instead of 
hoarding the interest, let it be added to the cajntal 
each year, so tl)at flie capital gi'ows year by ^ear. 
Then, at th« end of (jne year, the cagital will have 
grown to £110; and in the second year (still at 10%) 
this will earn £11 interest. He will start the third 
year with £121, and the interest on that will be 
£12. 2^.; BO that he starts J;he fourth year with 
£133. 2^., and so on. It is easy to work it out, and 
find that at the end of the years the total capital 
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will have grown to £259. 7s. 6d. In fact, we see that 
at tlu end of each year, each pound will have earned 
of a pound, and tVierefore, if this is always added 
on, each year multiplies the capital* by ; and if 
continued ‘for ten years (which will multiply by this 
factor ten timoa over) the original capital will be 
multiplied by 2*59375. Let us put this into symbols. 

V . 1 

Put yQ for the original capital; ~ for the fraction 

added on at each of the n operations ; and pn ior the 
value of the Capital at the end of the operation. 

Then ’ 

But this mode of reckoning compound interest once 
a year, is really not quite fair; for even during the 
first year the £100 ought to have lx*en growing. At 
the end of half a year it ought to have been at least 
£105, and it certainly would have been fairer had 
the interest for the second half of the year been 
calculated on £105. This would be equivalent to 
calling it 5 % pA* half-year ; with 20 operations, there- 
fore, at each of which the capital is multiplied by 
If reckoned this way, by the end of ten years the 
capital would iiave grown to £265. 8s.; for 

(1 + 2^(7)^ = 2*654. 

But, even so, the process is still not q|iite fair ; for, 
by the end of the fiyst month, there Vill be some 
interest earned f and a half-yearly reckoning assumes 
that the capital remains stationary for six months at 
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a time. Suppose we divided the year into 10 parts, 
and reckon a one-per-cent, interest for each tenith of 
the year. We now have 100 operations lasting o^^e^ 
the ten years ; or 

yn=£100 

which works out to £270. 8s. 

Even this is not final. Let tlic, ten years be divided 
into 1000 periods, each of of a year ; the interest 
being per cent, for each such jieriod ; then 

y, = £100 

which works out to £271. 14s. 

Go even more minutely, and divide the ten years 
into 10,000 parts, each y^Vir of a year, with interest 
at of 1 per cent. Then 

y,, = £100 

which amounts to £271. ICs. 4d 
Finally, it will be seen that what we are trying to 
finil is in reality the ultimate value of the expression 

^1-f^^ , which, as we see, is greater than 2; and 

which, as we take n iarger and larger, grows closer 
and closer to^a particular limiting value. HowtArer 
big you make w, the vrflue of this expression grows 
nearer and nearer to the figure 

2*71828... 

a number nev^ to be forgotten, , 

Let us taks.geometricai illustrations erf these things. 
In Pig. 36, OP stands for the original value. OT is 
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the whole time during which the value is growing. 
It in divided into 10 periods, in each of which there is 

‘ I 

ati equal step up. Here m a constant ; and if each 

step up is oii^inal OP, then, by 10 such 

steps, the hei^iit is doubled. If we liad taken 20 steps, 

‘ IT 


2 


O' 12^4 5bl89-l 
1 1 . 3r» 



each of half th(‘ huijrht shown, at the end the height 
would still be ju^t doubled. Or n such steps, each 

of ” of the original height OP^ would suffice to 

double the height Thus is the case of simple interest. 
Here is 1 growing till it becomes ± 

In Fig 37, we Jia\e the corretjpondiug illustration of 
the^ geometrical progression Each of the successive 

ordinates is •to be 1 + \ that^s, ~~~ times as high as 

its predecessor. The steps up are not equal, because 

each step up is now of the ordinate at that part of 

the curve. we had literally 10 Steps, with (1 +tV) 
for the multiplying factor, •the final total would be 
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or 2 593 times the original 1. But if only 

we take n sufficiently large (and the correspoiJding 

1 . ^ / 1 \“* 

~ sufficiently small), then the fihal value + 

which unity will grow will be 2 71(S28. 


U 
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E]}silon. To this iiiystcrious uuntber 2*718281^ 
etc., the mathematicians have a8sigiu*xl as a symbol 
the Greek hitter €(prononnced ejh^Uon) or the Knglish 
letter e. All sclioolboys know that theGre(‘k letter tt 
( called pi) stands for o‘J4lr592 etc. , but how many of 
them know that epsUon means 2*71 82&? Yet it is an 
even more im]X)rtantp umber than tt ! 

What, then, is epsilon ? , 

Suppose w§ were to Jet 1 grow at siuiple interest 
till it became 2 ; th(*ri, if at the same nominal rate of 
interest, and for the same time, we were to let 1 grow 
at true compound interest, instead of simple, it would 
grow to the value ej>silon, y 

This process of gi-owing proportionately, at every 
instant, to the magnitude at that instant, some people 
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call a logarithmic rate of growing. Unit logarithmic 
rate growth is that rate which in unit time will 
caiise 1 to gi^ow t6 2*718281. It might also be 
called the organic rate of growing: because it is 
characteristic of organic growth (in certain circum- 
stances) that the increment of the organism in a 
given time is proportional to the magnitude of the 
organism itself. 

o I 

If we take 100 per cent, as the unit of rate, 
and any fixed period as the unit of time, then the 
resul|| of •letting 1 grow arithmetically at unit i*ate, 
for unit time, will be 2, while the result of letting 1 
grow logarithm ically at unit rate, for the same time, 
will be 2*71828.... 

A little more about Epsilon, We have seen that 

we require to know what value is reached by the 

expression becomes indefinitely 

great. Arithmetically, here are tabulated a lot of 
values .(which anybody can calculate out by the help 
of an ordinary table of logarithms) got by assuming 
n = 2; n = 5; n = 10; and so on, ^p to = 10,000. 

(1 + i? c=2*25. 

{l+\f =2'489. 

(1 + iVV® ^2*594. 

(1+iiVr =2*653. 

(l+rfer)'^ =2*704. 

=2*7171, 

(l+ToTho)““®=2-7l82. 
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It is, however, worth while to find another way of 
calculating this immensely important figure. • 
Accordingly, we will avail ourselves of the binomial 

theorem, and expand the expression ^1 + 1^ in that 
well-known way. 

The binomial theorem gives the rul(» that 


(a+ 6)“ = a”+M 1 ) 


11 

+«(«-l)(w-2)-, — »+«tc. , 

\1 « 


Putting <*= 1 and 6= , we get 

a 11 ^ 




■^13 n'‘ 


+ 


1 4 


Now, if we suppose u to become indefinitely great, 
s%y a billion, or a billion billions, thf^ rit — 1, » — 2, 
and w— 3, etc, will all be sensibly equal to n; and 
then the series becomes 

f 

e=l + l+,’2+~ + g+etc...; 

By taking this rapidly convergent series to 
many terms as we please, we can work out the sum 
any desired point of accuracy, ^ere is the working 
for ten terms : • 


S- § 
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1000000 

dividing by 1 1*000000 

dividiijg by 2 0*500000 

dividing by 3 0*166607 

dividing by 4 0*041667 

dividing by 5 0*008333 

dividing by 6 0001389 

dividing by 7 0*0001 98 

dividing by *8 0*000025 

dividing by 9 0*000002 

Total 2*718281 

€ iH incoinriicnsurable with 1, and resembles v in 
boinsr an interminable non-recurwnt decimal. 

The Exponeniial Series. We shall have need of yet 
another series. 

* Let us, again making use of the binomial theorem, 

( 1\ nx ^ 

l4--j » which the same 


as e® wdien wc make n indefinitely great. 

, !>»-*(-)* 

, l«x-s/iy 

+ lurinsr — 1 )(nx — 2) — — |- etc. 

... 1 — 

»i +®+|-o — — f: 



n^jc ^ — -f 2na; 


+et« 
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aj2_- h-jj 

= 1 +®+ ^-+ +etc. 


But, when n is made indelinitely gi^at, this 
simplifies down to the following : 

e* = l+®+|2 +^^+^ + etc..,. 

This series is called expantniial iSeries. 

The great reason why e is n^garded importance 
is that €* possesses a property, not possessed )>y any 
other function of ,/*, that ulun you (hffcrfuiioie it 
ih value remain'^ uvehanypd , or, in other words, its 
differential coefficient is the same as itself Tliis can 
be instantly, seen by diff< icntiating it with respect 
to X, thus : 


rfT=®+' + r.2 + 1.2.3 + lT2-.-3r4 


. , 1 

+ r2T3T4T*+‘'^"- 




or =l+®+ 2 ^+lTr.;j + lT^3:4+‘'^'’ 

which is exactly the same as the original series. 


Now we m^ht have gone to work the otlier way, 
and said: Qd to; let us find a function of x, such 
that its differential coefficient is the seme as itself. 
Or, is there any expression, involving only powers 
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of a*, which is onchauged by differentiation ? Accord- 
ing! y, let us aasuvie as a general expression that 

y—A +B^ +Ca^-\- Da?-^Ex^ -I- etc., 

(in which the coefficients A, B, C, etc. will Have to be 
determined), and differentiate it. 


dx 


= B-\-2Cx+ 3Dx^ -h iEx^ -h etc. 


Now, if this new expression is really to be the same 
as that from which it was derived, it is clear that 

.4 mjist = B ; that C=~ = ; that D = j ; 

that£^=4- = jT2^’ 

The law of change is therefore that 

, /i , , a-® , X* , t \ 


If, now, we take A = 1 for the sake of further 
simplicity, we lia\e 


- , , a? 

*'=^ + i’^r2+r:ir: 


,+ 


:r 1 • 2 . 


i+etc. 


Differentiating it any number of times will give 
alw'ays the same series over %gain. » 

If, now, we take the particular case of A = l, and 
evaluate the series, we shall get simply 


whenaj=l, y= 2-718281 etc.; thatis, 
whenaj = 2^ y =(2-718281 etc.)*; thatis, y=e*; 
when a? =3, y= (2-7 18281 etc.)*; thatis, y=e*; 
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and therefore 

whena?=a?, 3 y = (2*718281 etc)*; that is, 
thus finally demonstrating that * 


/yi avia /v^a 

^ + 1 + 1“2 + r2T3 + r 2 


.sfWTE. — How to read exjyonrnfiah. For the benefit 
of those who have no tutor at hand it may be of use 
to state that is read as “ rpsilon to the eksfh p)ower ; ” 
or some people read it euporiential eks” So e*’* is 
read '' eps don to the pee-iedh^ power'' oi*“ exponential 
pee tee " Take some similar expressions : — Thus, is 
read ''epsilon to the minun two power" or '^exponential 
minus two" is read "epndon to the minus 

ay-ekdk " or exponential minus ay-ekB"'\ 

Of course it follows iliat e*' remains unclianged -if 
differentiated with respect to ?/. Also which is 
equal to (e^)*, will, when diffcrcBtiated with respect 
to X, be because is a constant 


• Natural or Napiertaa Loyarithm^ 

Another reason v^hy e is important is because it 
was made by Napier, the inventor of logarithms^ the 
basis of his ’System If y is the value, of e*, then x 
is the logarithm, to the base e, of y. Or, if 

then X = log, y. 

The two curves plotted in Fi^ 38 and 39 represent 
these equations 


K 
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The points calculated are : 



lui. 3S. fiG. 39. 

It will bo seen {hat, though the calculations yield 
dilFerent points for plotting, yet the result is identical. 
The two e( I nations really mean the s^nie thing. 

As many persons who use ordinaiy logarithms, 
which are calculated to base 10 instead of base c, are 
unfamiliar with the “natural ” logarithiflps, it may be 
worth wliile to say a word about them. -The ordinary 
rula*' that adding logarithms gives the ^logarithm of 
the product still holds good ; or i 

log, a + log, b =» log, ah. 

Also the rule of poweirs holds good ; 

nxlog,a=log,a". 
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But as 10 is no longer the basis, one cannot multiply 
by 100 or 1000 by merely adding 2 or 3 if the 
iinlc\ One can cliango the natuial logarithm • 
tin* ordinaiy logaritlnn simply by multiplying it by 
0 4343, or log^^ = 0 4343 x log« .tj, * 
arul conversely, log^ a:* = 2 302G X log^^ x\ 


A UsLiu T\ulk oi “>lvrinu\N Logarithms*’ 
^Also called Natuial Logaiithm& oi ir3’peilK>hc J^ogaiithma) 


is jnibtr 


Auinljtr 


1 

0(M)(K> 

6 

1 7018 

11 1 

0 0053 

7 

1 0459 

1 52 

0 1823 

8 

2 0704 

lo 

0 4055 

9 

2 1072 

1 7 

0 5300 

10 

2 3026 

20 

06931 

20 

2 0057 

22 

07685 

50 

3-9120 

2f) 

0-9 103 

100 

4 6052 

2 7 ^ 

0 0033 

200 

5 2083 

28 : 

10200 

600 

6 21 16 

30 

1 ooso 

i,noo 

6 9076 

35 

1 2528 

2,000 

7 6010 

40 i 

1 3803 

5,000 

855172 

4 5 

, 1^5011 

10,000 . 

0 2104 

SO ' 

‘ 1G094 

20,000 

9 9035 


ErponevtiM and Logfirithmic Equatipne. 

Now let try our hands at differenitiating c^tain 
expressions that contain logarithms or exponential^ 
Take the equation ' 

y = log.a:.^ 

Firot transform, this into 

€^=^X, 
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whence, since the differential of e*' with regard to y is 
the c^-iginal function unchanged (see p. 143), 



and, revelling from the inverse to the original func- 

dx dx X 

^!\ 

Now this is a very curious result. It may be 
written _ i 

di- • 

Note that is a result that we could never have 
<;ot by the lule for differentiating powers That rule 
(page 25) is to multiply hy the power, and reduce the 
power by 1. Thus, differentiating gave us 
and differentiating x^ gave 2x^, But di|e reiitiating 
x^ gives us Ox.i’ ^ = 0, because is itself =1, and 
is a constant. We*’ shall have to come back to this 
curious fact that differentiating log* a? gives us 
1 • 

- when we reacfii the chapter on integrating. 

' 

« 

Now, tiy tg differentiate 

ij=\og.(je+a), 

that is e’'=j:-+a; 

d(x~^ci) 

we have = since the differential of 

ay 


remains 
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This sdves 


dx 

dy 


=e*'=a!+a ; 


hence, reverting to the original function (see p. l3l), 


dx 


’3^’ 

dy 


x+a 


,, Next try 

First cliaiijije to natural logarithms by multiplying 
by the modulus 0‘4343. This gives us 
y = 0*4343 log,«r ; 


whence 


0^^343 
dx X 


or 


The next^hing is not quite so simple. Try this: • 
y^a’^. 

Taking the logarithm o£ both siHes, we get 

Iog,?/=a?log,a, 

log.M 1 , • 

. a!=, = - xlog.w. 

/ log.ffl log.a ® 

Since — is a constant, we get 
log,® , ® 

dx 1 1 


dy ~ log, a y a® x log, a 
hence, reverting to the original function, 
dy \ _ 
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We see that, since 
\’ 

(lx (hf j (lx 1 1 

X /' = 1 and «-j- = - X , , 

(Ilf (lx (hf y log,« 


1 dy , 
-x^=Jog.«, 


We shall find that whenever we have an expression 
sucli as IogeV/ = a function of x, we always have 

1 -/^^ = tlie differential coefficient of the function cf x, 
y (u' 

80 that we could havJ written at once, from 
log.y/ = .r]og,a, 


. 1 \ly 
y (lx 


logef« and 


(lx 




Let us now attempt further examples. 

• Exiwiples. 

( 1 ) j/ = e “ Let — (IX = :: : tlu^ii // = 

; y" = — c« ; hence = - ae ■ 

ar. dx (lx 

Or thus : • 

1 1 (Jff dy ^ 

hg.!,.-ax; 

~ >.2 % 

(2) ?/ = €«.* Let'*|^ = ::; then2/ = €^. 


dyJ. (h 2a? dy 2a? f 


Or thus ; 


, 1 dy 2x dy 2x ?! 

• »a,->3 s=T*’- 
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(3) = 

1 — .?"’L 1 2(^+1) — 2a; . 

yifx~ {x+if ’ 

lieuco 


I lx (J-+1)- 


??_ 

,e'H. 


zx 

Ch(vk bv wilting ,-, =- 
• ® x + \ * 

I 


(4) 7/ = e' log,?/=(jr+rt)5. 

L<li/ X , (h/ xxe^^ 

- ' — r ana rf 

H dx (.r-+al' dx (j:-+a)* 

(For if (.r-^+rt)' = « and u-r^, 

du _ ^ ’!! \ 

<//' 2 id’ dx ’ dx (x'’+a)w 

Check by writing ijx^ 

(o) i/=loge(a+J^'''). Let = thmy/=Iog.s. 

d!)_\. 2 hence • 

(6) ?/ = log,{3A*^+>s/a+j-'}. Let 3a5*+v^«^aj^=s!; 
then j/ = log, S • 

(fc z' dx ^ 


dy ^ a;(l+6Va^+g) 

^ ~ 3 j;H •ya+^ "• (3 a?® + Vas® + a 
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( 7 ) y=‘{x-\-^foJx-2. 

\og,y=2\og,{x+2)+\\og,{x-2). 

1 dy 2 " 1 . 

y^dx (a?+3V2(a;— 2)’ 

^=(a5+3)*Va;-2{^+^^^_2)}. 

(8) y=(a;H3Ka^-2)3. ( 

log.?/= 3 log,(a?*+3)+ 1 log,(a!®- 2) ; 

1 dy J'n 2a; 2 3a;^ _ 6a; 2a;^ 

’ a;*-j-3'^3 a;»-2~a'2+3'^®»^‘ 

(For if ?i = log,(a:®+3), let a^+ii—z and 7 f = log,a 

dn_l_ d^_ty . dn_ lx 
dz~ z' das~ dx~a?-\-Z’ . 


Similarly, if r — log, (a;®— 2), 


dx 


3a;® 
a;® — 2 



dx 


(a;®+3)®(a.'®-2)«| 


Ca; 2a-‘® \ 

x^+3'^x^'^r 


(9) y= 


^x^+a 

i/a^—a 


1 1 * 
log,y =*2 logi(a;®+a)-g fog.(»»-a). 


1 1 2a; 1 3a;® a? 

ydx~2a^-\-a Z a?—a~ a?+a~W^^ 

so a;® 1 
dx i/^—a la;*+a. a?— a) 


and 
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( 10 ) y=r^- 

^ ^ log,® 

,■ log,ajx0 — lx- * , 

^ 1 

dx~ log,*® ®log,*®'» 


(1 1) y = 4/log , X = (log, ®)i. Let s = log, ® ; y- 


(ly 

dz 3"" ’ dx x'\dx 


(12) y.{^ 





1 og, // = - cijs log, — aj (^ . log, a. 

i — 2rtJ7.1og,a 
y a./t? ^ 

and -r . log,(e= - . loge^. 


Try now the following exercises. 


Exercises XII. (See page 294 for Answers.) 

• (1) Differentiate — 

(2) Find the diffei%ntial coefficient with respect to 
t of the expression u = at^ + 2 log, t 

(3) If y=«‘, find 


(4) Show that if w= ^ • r-^ — ; ^=a*®. 

^ ' •'6 log,a^ dx 

(5) If w=pi^, find 
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Differeiitiat(3 

Ai) ?/ = lo<(,a;". 

• (M) 

(10) // = (3^-2-])<s/;/-+l). 

locr.(./.- + ,S) 


(7) jp/ = 3e*«-i. 

(9) .v=log,(a^+a). 


( 11 ) // = 


a-; +3 


( 12 ) y = a^X 'Jcf^. 


It was sliown liy Lord Kelvin that the speed of 
sigiialliji^^ tlirongh a subi^jariiMi cable depends on the 
value of the ratio of the external diameter of tlie core 
to the diameter of the enclosed copper wire. If this 
ratio is called //, then the numbm* of signals s that can 
be sent per minute can be expressed by the formula 

5 = a//-log,^; 

where a is a constant depending on th(> length and 
the quality of the materials. Show that if these are 
given, 8 will be a maximum if ?/ — l-r-s/e* 

(14) Find the maximum or minimum of 
y/ = ;/;3-]og,X'. 

(15} Diflerentiate // = log* (aj:*f^). 

(16) Differentiate y ^(log^ax'f, 

4 

^ The Logarithmic Curve. 

Let us return to the curve*which has its successive 
ordinates in geomoti-ical progression, such as that 
represented by the equation 

Wp can see, fey. putting that h isr the initial 
heiglit of y. • 

Then when 

a?=l, y-hp\ x = 2, y—hp^\ a? = 3, ?/=?^^etc. 
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Also, we see that p is the numerical value of the 
ratio between the height of any ordinate and tlfit of 
tlie next preceding it. In Fig. 40, we have taken p 
as each ordinate being \ as high as tlie preceding 
one, * 




If two successive ordinates are related togetluu* 
thus in a constant ratio, their logaritlims will Ijave Ii 
constant difrorcnce; so tliat, if we siiould plot out 
a new curve, Fig. 41, with values ol log,// as ordinates, 
it would be a straight line sloping up by ecpial steps. 
Ill fact, it follows from the equation, tl^at 

whence 1 og, y — 1 og, h-x* log, 

Now, since log^^^ is It mere number, ^nd may be 
writfcMi as log^p^a, it follows that 

log.^=a®, 

and the equation takes the new form 
p=b€^. 
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y, The Die-away Ourre. 

‘If we were to take p as a proper fraction (less than 
unity), the curve would obviously tend to sink down- 
wards, af^ in Fig. 42, where each successive ordinate 
is f of the height of the preceding one. 

The equation is still 



quantity, and tnay be written —a; so that 
and now our equation for the curve takes the form 

‘^fhe importance of this e;jpression is that, in the 
Case where the independent variable is time, the 
equation represents the course of a great many 
pliyslio^ processes in which something is grad/iwJly 
dyirimaivay. Thus^ the cooling of a hot body is 
repre^ted (in^^ewton^s celebra^ “law of cooling”) 
by the equatioi^ > 
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where 6q is the original excess of temperature of a 
hot body over that of its surroundings, 6^ the excess 
of temperature at the end of time t, and a is a cdn- 
stant — namely, the constant of decrement, depending 
on the amount of surface exposed by the 6ody, and 
on its coefficients of conductivity and emissivity, 
etc. 

A similar formula, % 


is used to express the charge of an elefitrihed body, 
originally having a charge which is leaking away 
with a constant of decrement a; which constant 
depends in this case on the capacity of the body and 
on the resistance of the leakage-path. 

Oscillations given to a flexible spring die out after 
a time; and the dying-out of the amplitude of the 
motion may be expressed in a similar way. 

In fact e"*** serves as a die-aUbay factor for all 
those phenomena in wliich the rate of decrease 
is proportional to the magnitude of ^that which is 

decreasing; or wher^ in our usual symbojs, ^ is 

(JLv 


proportional aji every moment to the value that y hSa,, 
at that moment. For tve have only td^' inspect th^^" 
curve, Fig. 42 above, to see that, at every part^f it, 

the slope ^ is proportional to the height the 

curve becoming flatter as y gro^frs silliller. 
bols, thus , 





158 


CALCULUS MADE EAST 


or ^ log,y=k)g,6— <*a;k)g,e=log,J'*“aa?, 
and, differentiating, —a‘. 


hcnc<3 


fj;/ 


dx 


3 =ie-''"'x(--a)= —ay\ 


or, in words, tlie slope of the curve is downward, and 
pro})f)rLional to y ancj to the constant a. 

We should have got ^he same result if we had 
taken the equation in the form 

. ' y=6/'*; 

for then X 

But log„/>=— a; 

giving os 

as b(^fore. 


The Thiie-constidif, In the expression for the “ die- 
away hictor" the quantity a is the reciprocal of 
another quantity known as '*fhe thne-constant” wliich 

we may denote by the symbol X Tlien the die-away 

-1 

factor will be written c and it w’i|l be seen, by 

mahfing t^T that the meaning of T ^or of is that 

this is the length of time which it takes for the original 
<|iiantity (called 0^ or in the precedii^ instances) 

to die away to ^th*part — that is to 0*3678 — of its 
original value. • 
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The values of e* and e’® are continually retmired 
in ditferent branches of physics, and us they are ^ven 
in very few sets of mathematicoi tables, some of tiie 
values are tabulated here for convenience. 


.7; 

€* 

c“* 

l-e“‘ 

0-00 

1 nooo 

• 1 ooOo 

0-(X)00 

010 

1-1052 

1 0 9018 

0 0952 5 

0*20 

1-2214 

0 8187 

0-1813 

0*50 

1-6487 

0 11065 

. 0-3935 

0-75 

2 1170 

0 1724 

0 5276 

090 

2- 1596 

0-1066 

0-593 1 

100 

2*7183 

0 3679 

0-6321 

MO 

3-0042 

0 3329 

0-6G71 

1-20 

3-3-201 

0 3012 

0-6fl(88 

1-25 

3-4903 

0 2865 

0-7186 

1*50 

4 4817 

0-2231 

0*7760 

1-75 

6-754 

0-1738 

0-8262 

2-00 

7-380 

0-1353* 

0-8647 

2f)0 

12 183 

0-0821 

0-9179 

300 

20 085 1 

0 0498 

0 9502 

3-50 

33115 

0 0302 , 

^ 0 9G98* 

400 

54 598 

00183 

0-9817 

4*50 

90'Olf 

0 0111 

0‘9S89 

500 

148-41 ! 

0-0067 

0 9933 t 

6*60 

^ 244-69 f 

0-0041 

* 0 9959 

600 

*403 43 

0-00248 

0-99752 * 

7-60 

1808-04 

0 00053 

0-99947 

1000 

22026-5 1 

0-000045 

0 999955 ' 


As an example of the use of this table, suppose 
'there is a hot body cooling, and that at the beginning 
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of the experiment (i.e. when i = 0) it -is 72! hotter than 
the surrounding objects, and if the time-constant of its 
cooling is 20 minutes (that is, if it takes 20 minutes 

for its excess of temperature to fall to - part of 72°), 

then we can calculate to what it will have fallen in 
any given time t For instance, let t be 60 minutes. 

Then ^^=60-r20 = 3, and we shall have to find the 

value of 6“^, and then multiply the original 72^ by 
this. T!ie table shows that is 0’0498. So that 
at the end of 60 minutes the excess of temperature 
will have fallen to 72° x 0*0498 = 3*586°. 


Further Jixanples. 

(1) The strength of an electric current in a con- 
ductor at a time t secs, after the application of the 
electromotive forpe producing it is given by the ex- 

E( 

pression 

The time constant is g* 


If 10, i2 = 1, Z/ = 0*01 ; then when t is very large 
the term ^ becomes 1/and (7= o==10j 


^=y=ooi. 

Ita value at any time may be written : 

C'-10-10e’o«, 
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the time-constant being 001. Tliis means tl^t it 
takes 0*01 sec. for the variable term to fafl to 

l = 0'3(i78 of its initial value = 10. 

€ 

To find the value of the current when ^=^'001 sec., 
say, ^=0‘1, €"®‘=0*9048 (from ia])le). 

It folloAvs that, after 0*C(P1 sex*., the variable term 
is 0*9048 X 1 0 = O'O'tH, and the actual current is 
10 -9048 = 0-952. 

Similarly, at the end of 0*1 sec., 

1^=10; 0000045; 

tlie variable term is 10 X 0*000045 = 0*00045, the current 
being 9*9995. 

• 

(2) The intensity / of ii heani of light wliicli has 
passed tlirongh a thickness I cm. of some transparent 
medium is /=/oe'*', where is the initial intensity 
of the beam and K is a “ constant of absorption.” 

• This constant is usually found by (scperiments If 
it be found, for insliinee, that a beam of., light has 
its intensity diminished by 18% in passing thrOTgli 
10 cms. of a Certain transparent mediui|j., this means 
that 82= lOOx or c''®*'=0-82, and from the 
table one sees that 10X'=0-20 very nearly; hence 
ir=0()2. 

To find the thickness that will reduce the intensity 
to half its value, one must find the value of I which 
satisfies the equality 50^100 X e*®'®*', or 0’6 = €*®®*‘. 

C.M.B. ^ 
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It is found by putting this equation in its logarithmic 
form, namely, 

< log 0‘5 «= — 002 X i X log e, 

which gives _ 

(3) Tlie quantity Q of a radio-active substance 
which has not yet underji^one transformation is known 
to be related to the initial (juantity of the sub- 
stance by the relation Q = where \ is a constant 

and t the time in seconds elapsed since the trans- 
foriuation began. 

For “ lladiuin A if time is expressed in seconds, 
experiment sliows that A = 3*85 x 10"®. Find the time 
recjuired for -transforming half the substance. (This 
time is called the ‘‘ mean life of the substance.) 

We have 0*5 = 

log 0*5 — — 0 00385f- X log e ; 
and f = 3 minutes very nearly. 

Exercises XI 11. (See page 2^4> for Answers.) 

(1) Draw the curve y = h€^ ^ \ whe 35 ^i = 12, 2^=8, 
and t is givefl various values from 0 toW. 

(2) If a hot body cools so that in 24 minutes its 
excess of temperature has fallen to half the initial 
amount, deduce the time-constant, and find how long 
it will be in cooling down to 1 pSr cent^of the original 
excess. 
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(3) Plot the curve 2 ^ = 100(1 — 

(4) The following equations give very similar ctirves: 


aar 


jr 

(ii) »/=a(l — e’*). 


h 


(iii) — arctan('J^). 

Draw all three curves, taking = 100 millimetres; 
= 30 millimetres. 


(5) Find the differential coefficient of ^ with respect 

(a) y=ir*; (6) ?/ = (€*)*; (‘’) y=e*®. 

(6) For “ Thorium A" the value of X is 5 ; find the 
“mean life,” that is, the time taken by the ti'ans- 
formation of a quantity Q of “ Thorium A ” equal to 
half the initial quantity in the expression 

t being in seconds. 

(7) A condenser ot capacity A =4x10”®, charged 
to a potential Fq= 20, is discharging ttirough a' resist- 
ance of 10,000 ohms. ^Find the potential V after (a) 0 1 
second ; (6) 0*01 second ; assuming that the fajl of 

jl 

potential follows the rule F= 

(8) The charge Q of an electrified insulated metal 
spliere is reduced from 20 to 16 units in 10 minutes. 
Find the coefficient fi of leakage, if Q=^Q^X e-'“; Qo 
being the initial char|[e and t being in seconds. Hence 
find the time taken by half the charge to leak away. 
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(^9) The dampiut; on a telephone line can be ascer- 
tairild from the relation where i is the 

strerj^dh, after t se(jonds, of a telephonic current of 
initial streiijtih /q; I is the length of the line in kilo- 
inetnvs, and (3 is a constant. For the Franco-Kn^lish 
submarine cable laid in 1910, ^ = 0‘0114. 'Find the 
diiinj>in;^^ at the end of the cable (40 kilometres), and 
h‘n^th along which Z^is ^lill of the original 
current (limiting value ofivery good audition). 

(10) Tlie pressure p of the atmosphere at an altitude 

h kilonu^cn^s is given b}^ being the 

pressure at sea-level (700 millimetres). 

Tilt*, pressures at 10, 20 and TjO kiloin(‘tres being 
199*2, 42*2, 0*.‘12 millimetres respectively, find k in 
each case. (Ning the moan value of Z*, find the per- 
(Kuilao'e tUTor in (‘neli case. 

(11) Find tlie minimum or maximum of — 

^ j 

(12) Find the iiiiniinum or maximum of 

1 

(lo) Find th^' minimum or inaximuui of y=^xa^. 



CHAPTER XV. 

HOW TO DEAL WITH SINES AND COSINES. 

Grkkk letters bein^ usual* to denote angles, W(‘ will 
take as the usual letter for any variable anf^le the 
letter 9 (“theta”). 

Let 118 consider the function 
//=feiii0. 



What we have to investigate is the value of ; 

4 (iu 

or, in other words, if tlie angle 6 varie?, we have to 

find the relation between the increment of the sine 

and the increment of the angle, both increments being 

indefinitely small in themselves. Examine Fig . 43, 

wherein, if the radius of the circle is unity, the height 

of y is the sine, and 0.is the angle Now, if 9 is 
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supposed to increase by the addition to it of the 
sinaJf angle dd — an element of angle — the height 
of ijy the sine, will be^increased by a small element dy. 
The new height y+dy will be the sine of the new 
angle Q+HOy or, stating it as an equation, 

y+dy-^\n{Q + dO)\ 

subtracting from, this the first equation gives 
dy = sin (f) + dQ) — sin 0. 

The quantity on the right-hand side is the difference 
betwisi^^ two' sines, and books on trigonometry tell 
us lioy^io work this out. For they tell us that if 
M and are two diilerent angles, 

Sin AT— sin 2 cos — 

•Tf, then, we put M=^6+d$ for one angle, and 
N^d for the other, we may write ^ 

, „ 'e-hde+e . e+do^0 

dy = 2 cos 2 sin ^ ** f 

or, eiy = Geos(0 + irf0)'sin 

But if we regard dO as indefinitely small, then in 
the limit we may neglect \dQ by comparison with 0, 
and may alsottake sin |rf0 as 'being the same as 
The equation then becomes : 

€?y = 2cos0xi€i0; 
dy-coQ6*dO» 
dy ^ 


and, finally, 
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f 

Take next the cosine, 
ult y=eo8d. 

N o w cos 0 5= sin — 0^. 

Therefore 

dy = d(iim ^|-0)) = cos(|-0) xrf(-0), 

t 

' ’cos^^-0^x(-d'0), 

And it follows that 

<^1/ • A 


Lastly, take the kiiigeiit. 

Let // = tan 6. 


sin 0 
cos O' 


The differential ccefficieiit sin 0 is*^^--~-— , and 

aO 

the dirterential coelKcient of cos 6 is -'Apply- 


ing the rule given on page 40 for differentiating a 
quotient of two functions, we get 
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Sometimes, in mecliaiiieHl and •physical questions, 
as, for exami)le, in simpl<* harmonic motion and in 
wave-motions, we have to deal with angles tlyit in- 
ctease in proportion to the time. Thus, if T be tlie 
time of one complet<?per/’(x/, or movemerit round the 
circle, then, since the ant,do all round the circle m 27r 
radians, or 35 o“, the aiAount of anf;'I(‘ m^ved through 
in time t, will be 

0= 27r in radians, 

0=3GO-|^, in degrees. 



or 
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frequency, or number of periods per second, 
be. denoted by n, thra n = ]^„ and we may then write: 
6=2irnt. 

Then we shall have 

2 / = sin 2Trnt 

\f, now, we wi.sli k) know how the sine varies with 
res])(‘cl to time, we must 4>tf'^‘*‘^'ntiate with respect, nojb 
to but to t For this we must resort to the artifice 
explaiiiecl in •Chapter IX., p. bT, ami {)ut 

dj! ^dif M 
ill ~ di) * dt' 

(10 

Now ™ will obviously bo 2ir(i\ so that 

= cos 0 X 27rM 
(It 

= 2Trn • cos 2Trnt 

f 

Similarly, it follows that 
rf(co8 2ir«<) 




= — 2w» • sin ivni. 


'Second Differential Coefficient of Sin&or Cosine. 

* • . . . 

Wo have seen that when sin Q is differentiated with 

respect to 0 it becomes cos Q ; and that when cos Q is 
differentiated with respect to 0 it becomes — sinff; 
or, in symbols, , 

rf*{8in 6) . A 
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So we have this curious result tliat we have fpund 
a function such that if we diflerenlmte it twice over, 
we get the same thing from wliicli we started, liut 
with the sign changed from + to — . ^ 

The same thing is true for the cosine; for differen- 
tiating CO8 0 gives us — sin0, and differentiating 


— sin 6 gives us —cos 6 ; or thus : 


(/“(coaO) * 


cos 0. 



Sines and cosines are the onh/ fund k>ns^of which 
the second differential coefficient is equal and of 
opposite sign to the original function. 


Examples. 

Witii what we have so far learned we can no>y 
differentiate expressions of a more complex nature. 


(1) // = arcsin.x*. ^ 

If y is the arc whose sine is then .x* = sin;y. 


dx 

dy 


cosy. 


Passing now from th(; inverse function to the original 
one, we get _ 1 

dm cost/ 

dy 

Now cos y = — sin^y = 

hence ^ = -v ^ 

dx Vl-ay2 


a rather unexpected result. 
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(2c) y = cos*d 

This is the same thing as ?/ = (cos0)®. 
Let cos 0 = « ; then y-r^; ^ 


tJv _ 


— sin 0. 


iljl _dU <h- 
dQ~de M 


— 3 cos^08in 0. 


(3) v/ = sin (./j+a). 

L<>t ,/rH a-v \ then v/ = sint’. 


dy 

dv 


= c()s V ; 



and 


djl 

d,i' 


cos(a;+al. 


(4) // = logi.sin0 

Let sin0=r; // = log,t). 

dy _ 1 , dv 
dr v’ (is 


cos 0 ; 


dy^ } 
c/0 sin 0 


X cos 0 = cot 0. 


... , COS0 

(o) tf = cot0= . 

siu 0 ' 

^ dif — sin” 0 — cOs® 0 

(/0“ S*i20 * 

= — (1 -|-cot-0)= — cosec®0. 

(6) »/ = tan30. 

Lct30 = v; y = tanv; ^ = 8ec®». 


dv 

die 


3; ^|=3«C»39. 
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(7) if=i>Jl+St&v?6: y=(l+3tan’®6)i . 
Let 3tau“0 = «. 


17 




dV 
d 

^ = 1) tan 0sec^0 
(h 


dll 


dO 

(for, if tan 6 = n, 

V = Sir ; 

= tan 6 scc-0); 
do 

djf _ Gtanflsec^fl 
d^~^2s/\^SiMi^0 
(8) y/ = sin,/‘Co.s.x*. 


d'n 


= 6,/; - = 


hence 

hence 




^coH^ir; — sin-.r. 


Exercises XIV, (See pn^i’e 21jr> for ^nswors.). 
’(1) Differentiate tlie following: 

y) //='A.sin ((9 — 

(ii) y^sAvrO] and // = sin 2ft* 

(iii) ?/ = Hin'’'0; and // = sin 3ft 

(2) Find the value of 0 for which siri0xcos0 is 

maximum. • 

(3) Differentiate y = n~ ^irnt 

^TT 
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(4} If y—mia”, find 

(5) Di fferentiate y log, cos x» 

(6) Differentiate «/ = 1 8*2 sin (.x*+ 26°). 

(7) Plot the curve ?/ = 100 sin (0 — 15°); and show 
tliat the slope of the curve at 0 = 75° is half the 

css^'iinuiu slope. 

(S) If y = sin 0*sin 20, find 

(9) If ;y = <^'tan’"(0'‘), find tlie differential coefficient 
of y with respect to 0. 

(10) Differentiate // = e'*'sin°x‘. 

(1^) Diflerentiate the three equations of Exercises 
XIII. (p. 163), No. 4, and compare their differential 
(Joeflicients, as to whether the}^ are equal, or nearly 
equal, for very small values of x, or for very large 
values of ;i;, or for n^alues of x in the neighbourhood 
of ir* = 30. 

(12) DiffereiViiite the following : 

(i) y = si^QX. < 

(ii) j/ = arccosa;. 

(iii) ?/ = arc tan jr. 

(iv) y=arcseca?. 

(v) // = tan j^Xs/Sseca:. 

(13) Differentiate y= sin (20+ 3)® ^ 

( 1 4) Differentiate y = 0^ + 3 sin (0 + 3) — 3 ^ — 3*. 

(15) Find the maximum e>r minimum of y = 0cos0. 



CHAPTER XVI. 

PARTIAL DIFFERENTIATION. 

* 

We sometimes eome across quantiti(‘s that are func- 
tions of more than one independent variably. Thus, 
we may tind a case where // depends on tw0 Other 
variable quantities, one of which we will call and 
the other v* In symbols 

?/=/K '4 

Take the simplest concrete case. 

Let y = 

What are we to do? If we wese to treat v as a 
constant, and differentiate with respect to u, we 
should get ^ 

or if we treat u as a constant, and differentiate with 
respect to v, we shoul3 liave : 

=7 

The little letters here put as subscriprs are wj snow 
which quantity has been taken as constsjit in the 
operation. 

Another way o£ indicating th^t the differentiation 
has been performed only partially, that is, has been 
performed only v/ith respect to one of the independent 
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varil.bles, is to write the differential coefficients with 
Greek deltas, like 3, instead of little d» In this way 

?#/ 

Oil 

‘di; 

^ =iJU 
oo 

il* we pot in these valne*^ tor v and ?/ respectively, 
we sliall have 




I 1 

c'r 


\ which iiartial differentials. 


lint, if you tlnnk of it, you will observe that the 
-total va]-i.'iti()ii of y depends on both- these things at 
the same time. That is to say, if both are varying, 
the real dy ought l^o be written 

ihf = 

' du 

% 

and this is called a total differential. In some books 


it \s written + 

I ^ 

Example (1). Find the partial jdifferential co- 
efficients of the expression ?r = 2ax^ Sbaay + . 
The answers are : 

g = *rta:+3&y. 

^’=S6af+12(,/-. 
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The tirat is obhiiiied by supposiug y constauti tlie 
second is obtained by supposing x constant ; tlicn 
dH'={iax+^hy)dx+ (3/Ar.'+ 1 '2cy^)dy. 


■=^yx»- 




Example (2). Let z = JC^, Then, treatii^g lirnt y 
and then x as constant, we get in the usual way 

so tliat dz = yx'^ ' ^ dx 4- log, x dy. • 

Example (3). A cone having lieight h and radius 
of base r, has volume V = JxrV/. If its height remains 
constant, while r changes, tlie ratio of change of 
volume, with respect to radius, is different from ratio 
of change of volume with respect to height which 
would occur if the height were varied and the ladius 
kept constant, for 


''dr 


3 






The variatipn when )oth the radius and the hefght 
change is gi^j^ by rh dr + ^ r'^dh 

Example (4). In the following example JP Iftlid f 
denote two arbitrary functions pf any form whatso- 
ever. For example, they may be sine-functions, oc* 
exponentials, or mere algebraic functions of the twC 
aM.E. M 
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independent variables, t and x. This being under- 
stood, let us take the expression 

y = l\x +nt) H-/(a; - at), 
or, y = F(:ii-)+,f{v)-, 

where w = x+at, and v = x — at. 


dji _ dF(w) . 

<lx fh'^ dv dx 


=:F'(U>)- 1 +.A'’)- 1 

(where the figure 1 is simply the coefficient of x in 
'10 and r) , 

and +f\v). 

di/ dF('tr) dir ?if(r) dv 

Also •-,/<+ di 

• =F{iv)-a-f{r)a; 

and - F'iir)a‘‘ +/'(«•)«“ ; 


whence 


'd^~^ tla?' 


This differential eipiation is of immense importance 
in mathematical physics. (See also page 247.) 

O 

Maxinia and Minima of '' Functions of two 
Independent Variables. 


ExampU (5). Let us take up again Exercise IX., 
p. 110, Nq. 4. 

Let Qc and y be the length of two of the portions of 
the string. The third is 30 — v(j£?+ jf), and the area of the 
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triangle is A = -v/js(,s--a‘)(a—y)(«--36+x‘+f/), v|liere 
8 is tlie half perimeter, 15, so that A =^/l5P, where 

= .^V/“ + .A/ — — 1 5//^ — 43^7/ + 450j^ + 450// — 337 5. 

C^learljj' A is maximum when P is maximum. 

ZP C^P 


P"or a maximum (clearly it will not be a minimum in 
tliis case), one must have siniultaiicously 


dP 

Z),v 


= 0 aiul 



that is, 2^7/ — 30aJ+j/“ — 45//+450x=0,l 

2./7/ — 30?/ + ^ ^ 45.i‘ + 450 = 0. / 

An immediate solution is .r = //. 

If w'e now introduce this condition in the viilife 
of P, we find 

P = ( 1 5 — a'*)’H2a* —15)- 2,r^ — 75ar + OOOa? — 3375. 

ilP 

For maximum or minimum, 50a? +900 = 0. 

, oa* • 

which gives a?= 15 qf a’=10. 

Clearly 07=15 gives zero area; a’ =10* gives the 

> d^P • 

maximum, for ^^ = >2a;— 150, which gis +30 for 

a?=15 and —30 for a* = 10. 


Exam 2 )le (fi). P^ind the dimensions of lin ordinary 
railway coal truck ^\ith rectajigular ends, so that, 
for a given volume F the area of sides and floor 
together is os small as possible 
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T|/ie truck is a rectangular box open at tlie topi 

Lot X bo the loiijirth and ?/ be the width; then the 

V 2U 2U 

de[)th is ^ * The surface area is ;S'=a‘y+" 7 ; +--- ' 


.r// 


2V\ 


!/ 


mEtif ininlniuiii (clearly it,wf>n’t be a niaxiinum here), 

2^" A 2r . 

Ifcrc iilso, an irniiiediate solution is x — y, so that 
S=x'‘+ - . j =2;r-r -0 lor ininimuni, and 


dx 


jo=i/iV. 


XV. (See page 2f)<i for Answers.) 

i • n V 

(1) I)i(ren*ntiate the expression — 2a;'^y— 

o 


with respect to x alotie, and \vith respect to // alone. 

(2) Find tlie partial diflerenlial coefficients w’ilh 
respect to x, y and x, of the expression 

' ii~yx+x;rz-^ry:i^->r.rifz-^ 

(:l) Let i^-{x-a)--\-(^-bf-¥{z-cf. 

Find the value of .^4-^+^- Also find the value 
?A' Dy OS 

(■i) Find the total differential of y=tt®. 



PARTIAL jpiFFERENTIATION 181 

(5) Find the total diflerential of ?/ = sin iij ; of 

y = (sin £r*)" ; of t/ = 

(6) Verify that tlie aiiiii of three (juantities x, y, 
wliose product is a constant A*, is niinirrfiun wlien 
these three quantities are equal. 

(7) Find the maximum or mini mum of tlie function 

— X 4- ^^y 4- //. 

(8) The post-office regulittions state that no parcel 
is to Ixi of such a size that its length j)lus its ^ir4h 
exceeds 6 foot. What is the ^naitest vohiine that 
can be sent by post (a) in tlie case of a package of 
rectangular cross section ; (/>) in the case of a packa^^e 
of circular cross scjction, 

(9) Divide tt into 3 parts such that the continuc'd 
product of their sines may be a maximum or minimum. 

(10) Find the maximum or minimum of n— -* 

(11) Find maxiinuni and minimum of 

u — y-\- 2x — 2 log* y — 1 o^^ 

* (12) A telpherage buc'ket of giv(‘n capacity ha^T 
thi^ shape of a horizontal isosceles triangular ])i*ism 
Avith the apeji underneath, and the opposite face cf[>en. 
Find its dimensions in^ order that tlui ^east amount 
of iron sheet may l>e used ift'its construction. 



ClfAPTER XVII. 

INTEGRATION. 

The <^r(‘at secrot lias almidy Ixsiii revealed that this 
inysterioiis symbol J, which is after all only a long S, 

merely means the snm of/' or the sum of all such 
([Uantities as" It therefore resembles that other 
symbol w (the Greek Sif/nut), which is also a sign 
of summation. There is this (liflerence, however, in 
the practice of mathematical men as to the use of 
these signs, that while 2 is generally used |p indicate 
the sum of a number of finite ()uantitie8, the integral 

sign f is gimerally 'used to indical(‘ the summing up 

of a vast number of small quantities of indefinitely 
minute magnittuh\ mere elements in f/ict, that go 

to make up the total required.* Thus 1 t/y=>y, and 

Anyone can understand how the whole of anything 
ean be conceived of as made up of a lot of little bits ; 
and tlu' smaller the bits the more of them there will 
be. Thus, a line one inch long may be conceived as 
made up of 10 pieces, each long; or 

of 100 parts, each part being of an inch long; 
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or of 1,000,000 parts, each of wliich is cjf an 

inch long; or, pushing tlie thought to t*lie limits of 
conceivability, it may be regarded as made up .of 
an infinite number of elements each of which is 
infinitesimally small. • 

Yes, you ^vill say, but what is the use of thinking 
of anything that way ? Why not think of it straight 
offi as a wliolo ? The simpk^ n^ason is that tho r ^a ro * 
a vast number of cases in which raio cannot calculate 
the bigness of the thing as a whole witliout reckoning 
up the sum of a lot of vsmall parts. l*1ie process of 
** inteyrat is to enable us to calculate totals that 
otl)erwise we sliould be unahlr to estimate directly. 

Let us first take one or two simple cases to 
familiarize ourselves with this notion of summing 
up a lot of separate parts. 

Consider the series: 

1 + 1 + 1 + i + i\', + vh 4*1^^ i + 

Here each member of the series is form(‘d by taking 
it half the value of tlie preceding. What is the value 
df the total if we could go on to an infinite nurnbci* 
of terms? Every sAiooiboy know^s that the answer 
is 2. Think^pf it, if you like, os a line. Begin with 
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one inch; add half inch; adS a quarter; add an 
eighth ; and so on. If any point of the operation 
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we stop, tliere will still be a piece wanting to make 
up the whole 2 inches; and tlie piece wanting will 
alw'uys be the same size as the hist piece added. 
Thus, if after having put together 1, i, and J, w-e stop, 
there will be \ wanting. If we go on till we liave 
added tliere will still be wanting. The 
remainder needed will always be equal to the last 
add(‘d. By ah inhnite number of operations 
only should we reach thej^ictual 2 inches. Practically 
we should reach it when we got to pieces so small 
that they could not be drawn — that would be alter 
about 10 terms, for the eleventh term is If 

want to go so far that not even a Whitworths 
measuring machine would det(‘ct it, we should merely 
liave to go to about 20 term.s. A microscope w^ould 
not show even the 18^*‘ term ! So the infinite number 
of operations is no such dreadful thing after all. 
The inifyral is simply the wdiole lot. But, as we 
shall see, there are cases in which the integral 
calculus enables us to get at the exact total that 
there wmuld iis tlie result of , an infinite number 
" of operations. In such cases Mm integi-al calculus 
gives us a rapid and easy way of getting at a result 
tha^ w^ould otherw’i.se require an interminable lot of 
elak)rate w^orking out. So we had best lose no time 
in learning how to%7itc(/rate. 
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Slopes of Carres, and the Curves thdmselves. 

Let us make a little preliminary enquiry about Che 
slopes of curves. For we have seen that (litteroiitiating 
a curve means finding an expression for its slope (or 
for its slopes at diflerent points). Can we perform 
the revei'se process of reconst rue.iing the whole curve 
if the slope (or slopes) are [^*escribed for us ? 

Go back' to case (2) on \\ 84. Here we have the 
simplest of curves, a sloping line with the equation 

y = ax+b. 
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We know that here h represents the initial height 
of y when £r»=0, and tl^t a, whicli is the same as 
is the “slope” of the lino. The^Jine has a constant 


slope. All along it the elementary triangles 


^4 


have the same proportion between height and baae. 
Suppose we were to take the rfx’s and tZy’s of finite 
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magpiitude, so tliat 10 made up one inch, then 
there would be ten little triangles like 

fl 

Now, siiy)poHo that we were ordered to reconstruct 
tilt' “curve,” starting merely from the information 

= a. Wluit ‘could we do ? Still taking the 
f/.r *=* 

little r/'s as of finite size,^ve could draw 10 of tliein, 

all with the^sarne slope, and tlien put them together. 

end to eii'd, like tliis: 



And, as the slope is the same for all, they would join 
to make, as in Fig. 48, a sloping line sloping with the 

correct slope — A.nd whether we take the df/B 

and cf^^’s os finite or infinitely small, as they are all 
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alike, clearly ^, = «j if we reckon y as ihe totf# of 

all the dy'^f and x as the total ©f all the rfx*’s. Hat 
whereabouts are we to put this sloping line? Are 
we to start at the origin 0, or higher up? As tlie 
only information we have is as to the slope, we are 
without any instructions as to the particular lieight 
alx)ve 0 ; in fact the initial height is undetennmed# ^ 
The slope will be the same, ^yhatever the initial height. 
Let us therefore make a shot at what may be w^antc'd, 
and start the sloping line at a height* C Above (), 
That is, we liave the equation 

It becomes evident now that in this case the added 
constant means the pai ticular value that y has when 

Now let us take a harder wise, that of a line, the 
slope of which is not constant, but turns up inijnj and 
more. Let us assume that the u})ward slo})e gets 
greater and greater in proportion as x grow's. In 
symbols this is : 


dx 


= ax. 


Or, to give a'concrete ciftse, take a = so that 


dx 




Then we had best begin by calculating a few of 
the values of the slope at different values of and 
also draw little diagrams pf them. 
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x=0, 


— 

w=l, 

o 

II 


x = 2. 






a?=4, 


Z1 

a?=5, 

iix 



Now try to put tlie pieces together, setting each so 
tliat the middle of its base is ilie proper distance to 
the right, and so that they fit together at the corners; 
thus (Fig. 49). Tlie result is, of course, not a smooth 



curve : but it is an approximation to one. If we had 
taken bits half as long, and twice as numerous, like 
Fig. 50, we should have a b^ter approximation. But 
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for a perfect curve we ought to take each dx atti its 
corresponding dy infinitesimally small, and infinitely 
numerous. * 



Then, how much ought tlie value of any ?/ to be ? 
Clearly, at any point P of the curve, the value of 
y will bo the sum of all the little (/// s from 0 up to 

that level, that is to say, = And as each dy is 

equal to Ix-dx, it follows that the wdiole // will be 
equal to the sum of all such ])its as lx*dx, or, as we 

should write it, |j x • dx. > 

Now^ if X liad been constant, \\x*dx would have 

been the same as \x\(\x, or \x^. But x began by 

being 0, and increases to tiie particular value of x at 
the jK)int P, so that its average value from 0 to tliat 

point is \x. Hence \ \xdx^^x^\ or y -^x\ 

But, as in the previous case, this requires the addition 
of an undetermined conataut C, because we have not 
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bceittold at what height above the origin the curve 
will l)egin, when ^ 7 = 0 . So we write, as the equation 
of the curve drawn ili Fig. 51, 



Exercises ^YF/. (See page 29(i for Answers.) 

(1) Find the ultimate sum of fi + i +^-+-jV+Tr\ +etc. 

(2) Show that the series 1 — ^ — 1 + J — v + 1 etc., 

is convergent, and find its sum to 8 tenns. 

(3) If loge + etc., find log, 1 *3. 

(4) Following a reasoning Similar to tliat explained 
in this chapter, find y, 

(5) If ^.2af+3‘find y. 


CHAPTER XVIJI. 

INTEGRATING AS THE UKVE1>SE OF 
DIFFERENTIATING. 


DiPFERENTiATiNd ia the procc.s.s by wliicli when y is 

given us (as a function of x), we can find 

Like every other niatlieiuntifal opt'nition, th*e 
process of differentiation may be reversed. Thus, if 

differentiating givcvS us 

Ijegins with "'ould say that reversing tho,^ 


process would yield y=x*. 
point. We should get 


But here comes in a curious 
= 4a::® if wo had Itegun with 


any of the following: x*, or or a;*+c, or ic* 

with any added constant. So it is clear that in 

working backwards from ^ to y, one must make 

provision for the possibility of there being an added 
dinistant, the value of which will be undetermined 
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untH ascertained in some other way. So, if differ- 
entiatinj^ yields going backwards from 

= will give us //=j;”+C; wherp^^stands 

I1h‘ yet undoiermined possible constiini. 

Clearly, in dealing with powers of a*, the rule for 
^^orlving backwards will bo: Increase tlie power by 1, 
theft divide by that iiiweasod power, and add the 
un<lot<*rinined constant. ^ 

So, in tlie case wliere 

« 


(/// 

dx 









It diderentialing the equation gives 


</// _ 


di 


= aiiJtf 


,n-l 


**11 is a matter of c^Jimnon aenso that l>eginning with* 


ihf 

dx 


am 




and reversing the process, will give us 


So, when \vc are dealing with a multiplying consiiant, 
we must simply put the constant as a multiplier’ ^ 
the result of the int^ation. 



HOW TO INTEiGRATE 


Thus, if ;;p = 4.r*, th^ reverse process givls us 

Bqyi his is incomplete. For we must reineml)er ' 
that ilPiie had started with 

where C is any constant quant iiy whatever, W’e should 
equally have found 

So, therefon*, when we reverse tlie p^)cefts we inu.st 
always remember to add on ibis undetermined con- 
stant, even if we do not yet know what its value 
will be. 

This process, the reverse of diflereutiatiiijr, is c^I(‘d 
i^feyrattmj ; for it consists in lindin^ the value of 
tjh%jy hole (juantity y wiien you are given only ah 

for dy or for Hitherto we have as 

much as possible kept <h/ and dx together as a dif- 
ferential coefficient: heiictdorth we shall more often 
have to separate them. 

If we begin with t siiiq>Ic case, 


We may write this, if we like, as 

dy—a^dx» 

Now this i.s a “ differential equation which informs 
US that an element of y is equaf to the corresponding 
of X multiplied Jby Now. what we want 
N 



C.M.E. 
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ifi integral ; therefore, write down with the proper 
Byrnlx)! the instructions to integrate botli sides, thus; 



[Note as to reading integrals: the above would be 
read tlius : 

*'Ivlr(jral dee-ivy equals inieyral eks-aquared dee-eks'*] 

We haven’t yet integrated : we liave only written 
down instructions to integrate — if we can. I^.t us 
try. IMenty oi other fools can do it — wdiy not we 
also? The left-hand suh* is sinqdicity itself. The 
sum of all the bits of y is the same thing as y itself. 
So >ve may at once put: 



But when wc eoiue to the right-hand side of the 
equation w'^e must remember that what have got 
to sum up togethi'r is not all the f/.r's, but all such 
terms as jc^dx\ and this will not be tlie same as 

(lx, l^ecause i.s not a constant. For some of the 

fAr's will be multiplied by big valpes of x-, and some 
will be multiplied by small values of ^•^/.according to 
what X happens to be, So we must bethink ourselves 
as to what know about this process of integration 
being the reverse of dirterentiation. Now, our rule 
for this reversed process — see p. 191 ante — ^when 
dealing wdth is increase the power by one, and 
^ divide by the same number as iliis increased power.” 
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t * * 

That is to say, x^dai will be changed to JiB®.* Put 

this into the equation; but don’t forgot to add the 
" constant of integratiopi ” C at the end. So we geft : 

You have actually performed the integration. How 
easy ! 

Let us try another simple case. 

Let 


where a is any constant multiplier. Well, •we found 
w'heu differentiating (see p. 2!)) that any constant 
factor in the value of y reappeared unchanged in the 

value of In the reversed process of integrating, 

Cf'JC 

it will therefore also reappear in the value of y. 
we may go to work os before, thus ; 

cly = • dx, 

^dy=-^a,iP*dXi 

^ y = ax^\x^^+C. 

So that is done. How easy 1 


♦You may ask : wliat has becDme of the little dx at the tmdl? 
Well, remember that it was leully {».rt of the dificirentiaicoethcicjit, 
and when changed over to the right-hand side, as in the x'^dx^ 
serves as a reminder that x is the indeptudent variable with respect 
to which the operation is to bo eSeoted ; and, as the it^mlt of the 
Kodnet being totalled up, the power of x has increased by oae. 
Voa will soon become faiiiiiiamriih all this. 
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Wcf begin to realize now that integrating is a 
process of finding our way hack, as compared with 
differentiating. If ever, during differentiating, we 
have found any particular expression — in this example 
— we can find our way back to the y from which 
it was derived. The contrast between the two pro- 
cesses may be illustrated by the following illustration 
Mue U) a well-known teacher. If a stranger were set 
down in Trafalgar Square, and told U) find his way to 
Kuston Station, ho might find the task hopelcas. But 
if lie had ^)re\^ously been piTsonally conducted from 
Eustori Station to Trafalgar S(|uarc, it would be 
com])arutively easy to him to lind liis way back to 
Euston Station. 


Integration of the Sum or Difference of two 
Functions. 

liOt = 

dx 

i 

•"then dy = xhlx + 

There is no reason why we slnmld not integrate 
(iach term separately : for, as ,may be se^ftn on p. 35, 
we found that when we differentiated the sum of two 
separate functions, the differential coefficient was 
siniply the sum of the two separate differentiations. 
So, when we work Ixicjcwards, integrating, the integra- 
tion will be simply the sum of the two separate 
integrations. •• 
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Our instructions will then be : 

■\riii?)dx 

If either of the terms had been a negative quantity, 
the corresponding term iq the integral would* hav^ 
also lx.-en negati\'e. So that difl'i reiices are as readily 
dealt with as sums. 

How to deal with Constant Terms. 


Suppose there is in the (‘Xiuession to be integrated 
a constant term — such as this: 

ilx 

This is laughably easy. For you have only to 
remember that when you differentiated the expression 

y = ax, the result w^as = a. Hence, wdien you work 

^the other way and int(‘grate, the constant reappefurs 
multiplied by x, ijo we get 

ily = + h • dXj 

^dy = 

y = _L ^n+l 

^ w+1 

Here are a lot of examples on which to try your 
newly acquired powers. 



198 


CALCULUS JHAD^ EASY 

Examples. 

(1) (liven 2=24®”. P’ind y. Ana. y = 2ai^^ + a 

(2) Find |(rt + ft)(j;+l It is + 

or + j (tr (o + ft)^^-+a;) + C. 

(3) (liven Find »f. ^ns. u=lgt^ + C. 

(4) Find y. 
fly = ( ./r’ — X^Jr'jX)<lxi or 
dy — d.i ; — ,// dx + xdx ; y ~ 

and y = -J x* — j ■’ + 1 ./•■ + C. 

(5) lnto(;r(it(* d wx. y = ^,'>;'''^+C. 


dx + |x dx ; 


.All tbese are easy enotijjh. 
Let 


Let us try another c^ise. 
-1 


Pnxjeeding as Ix'fore, Ave will writ(‘ 

ilj/ = ^ • dx, = rrj.r ■ 

Well, but what is the integral ctf 
If^you look back amongst the results of differen- 
tiating and jr* and ./•” etc., you will fiftd we never 

got xr^ from any one of them as the value of 

We got 3ar from m?] w^e got 2x from we got 1 
from sd (that is, from x itself); but we did not get 
from a?®, for two very good reasons. First, sd is 
simply —1, and is a coustapt, and could not have 
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a differential coefficient. Secondly, even if it ^ould 
bo differentiated, its differential coefficient (got by 
slavisldy following the usual rale) would be Oxap’\ 
and that multiplication by zero gives it zero value! 
Therefore when we now come to try to* integrate 
we see that it does ni>t come in anywhere 


in the powers of .n that arc given by the rule: 
f • I * 

J n+1 


It is an exceptional case. 

Well ; but try again. Look througlrtill the various 
differentials obtained from varioius functions of x, and 
try to find amongst them ./‘"b A sufficient search 

will show that we actually (lid get as the 

result of difFercntiating Uie* function //==log,a; (see 
p. 148). 

Then, of course, since wc know that differentiating 
log^x gives us x'^, we know that, by reversing the 
process, integrating (h/ = x‘^dx will give us ?/ = log,d7. 
But we must not forg(‘t the constant factor a that 
was given, nor inus^ we omit U) odd the updetermined' 
constant of integfatioii. This then gives us as the 
solution to Uie present^l>roblem, 

^ jf^a\i}g^x + G. 

N.B , — Here note this very remarkable fact, that we 
could not have integrated in the above case if we had 
not happened to know the corresponding differentia- 
tion. If no one htui found out that differentiating 
log^ gave x^\vfe should have been utterly stuck by 
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the j/oblem how to integrate x'^dx. Indeed it should 
bo 1‘ninkly admitted that this is one of the curious 
features of the integral calculus : — that you can’t 
integrate anytliing before the reverse process of differ- 
entiating something else lias yielded that expression 
which you w’ant to integrate. No one, even to-day. 
is able to find the general integral of the expression, 


beeauHt‘ has never yet beon found to result from 
ditlVrentiaCing’any thing elsp. 


A V of li e/' s ivi pie ease. 

Kind 

On lo(d<ing at thi*. function to bo integrated, you 
riiinark tliat it is the product of two different functions 
of X. Vou could, you think, integrate (x+l)dx by 
itself, or (.r + *J )(/./* by itself. Of course you could. 
But wliat to do with a product? None of tJie differ- 
entiations you have learned have yielded you for the 
^j[jderential coetliViiMit a product like this. Failing* 
such, the simplest thing is to mVilliply up the two 
functions, and then integrate. Thisf gives us 

• -f- 3 a* + 2^dx> 

And this is the same as 


dx + jsArrfA? -K j2rfA\ 

And performing the integrations, w'e got 
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/ 

Some other Integrals. 

Now that we know that iutograthni is tJie reverse 
of differentiation, we may at once look up tlK‘ differ- 
entia^ coefficients we already know, and sec from 
what functions they were derived. 'I'his ^ives us the 
followiTi^ inte^rrals ready inaf^e : • ^ 

ar'^ (p. 148) ; - loir. ./•+ C'. 

^ • 

149): + 

= 6-). 

sin^; (p. 168); Isinxrr/*/* = —cosit^C. 

t 

cosj^' (p. 166); j5os./ f/./- ==Hinj:r-f C. 

Also we may deduce the following: 

log, X ; ~ a? — 1 ) -f C 

(for if y=a?log,a7— it?, 1 = log,it?)* 


1 




e'Ulr 

X 0 — 1 X 6* 


dx jfic 


t’ 
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|log,(,a;</a;=0'4343;p(log,a!— 
a* (p.l49);pfAx,' =i“^;-+U. 

COS <ix ; I cos ch' = ^ si n ax + C 

J a 

' ify 

(for if // — siiwfir, = ri c( » ^r.r : hence to get cosao? 

one must differentiate. n~^ mi ax). 

, N a 

si n fix ; | sin ax i/x = — ^ cos ax + C. 

J a 


Try also cos^O; a little dodge will simplify inatce-'s; 
cos ‘20 = cos- 0 — sin- 0 - - 2 cos- 0 — 1 ; 

» 

hence eos- $=l (cns 20 + 1 ), 

and |co8*0</0 = a|(cos 20+ 

= i 100320^0+ J JrW. 

- 20 also p. 227.) 

See also the Table of Standard Forms on pp. 280, 287. 
You should make such a table for yourself, putting 
in it only the general functions which you have 
successfullj" differentiated and integrated See to it 
that it grows steadily ! • 
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I 

On Double and Triple Integrals.* 

In many cases it is necessary* tn integrate soiiv) 
expression for two or more varial)l(3s contained in it ; 
and in that case the sign of integration appoirs more 
than once. Thus, 

means that some function of the vtiriables x and y 
has to l^e integrated for each. It docs i^t matter in 
which order they arc done. Thus, (alee the function 
x^+y^. Integrating it with respect to x gives us : 

I {x- + if)dM = + xif. 

Now, integrate this with respect to y : 

to which of course a constant is to be added. If we 
had reversed the order of the operatmns, the result 
w<5uld hax e bijen the same. ' 

In dealing with areas of surface>s and of ^^olids, we 
have often to integAte botli for length and breadth, 
and thus have integrals tlf the form » 

II « • (Ixdy, 

where u is some property that defends, at each pf)irit, 
on X and on y. This would then be called a fmrface- 
integral. It indicates tl^at the value of all such 
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el^tnents as u>dx* dy (that iff to say, of the valpe of u 
over a little rectangle dx long and dy broad) has to be 
gurnined up over the whole length and whole breadth. 

Similarly in the case of 'solids, where we deal with 
three dimensions. Consider any element of volume, 
the small cube whose dimensions are dx dy dz. If 
the figure of the solid be expressed by the function 
//> then the whqle solid will have the volume- 
iiitfyral, 

v^ume = 

Naturally, such integrations have to be taken be- 
twc(’n appropriate limits* in each dimension ; and the 
integration cannot be performed unless one knows in 
what way the boundaries of the surface depend on 
X, //, and z. If the limits for x are from x^ to .x'g, 
those for y from y^ to 1/2^ and those for z from z^ 
to then clearly we have 


yZ)»dx*dy> dz. 


volume 


/{^f • dx • dy • dz 


There are of course plenty of complicated and 
difficult cases; but, in general^ it is quite easy to 
s 5 e the significance of the 'Symbols vhere they are 
intended tb indicate that a certain integration has to 
be performed over a given surface, or throughout a 
given solid space. 


See p. 20£ for integration between limits. 
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i 

297 for the i 


\ 

Exercises X VI L (See p. 

Answers.) 

(1) 

Find 

jydx when = 

= 4aa?. ■* 



(2) 

Find 

11*’- 

(3) Find J 

l-a;*tto. 

\a 

(4) 

Find 

\^{x^+a)dx. 

(5) Inte^f 

•ate 

5a.'“i. 

(6) 

Find 

f(4.x'» + 3a;'® + 2a.' + 1 )dx. 



0) 

dy ax hx" r,x 

; find y. 



(8) 

Find 

K5p?)"»- 

(9) Find j 

ft 

^{x+^fdx. 

(10) 

Find 

Yx+'2.){x’-a)dx, 



(11) 

Find 

|*(v^ .>t'+ ^ x)^cv 

'■dx. 



(12) 

Find 

|(.sin0-Df. 




(l.'i; 

Find 

|cos®n0<i0. 

(14) Jiind j 

[sin®0rf0. 

(lo) 

Find 

Jain® ( 10 ^ 0 . 

(IG) Find J 


(17) 

Find 

f 'dx 

Jl+a? 

(18) Find' 

ft 

ll-a; 



CHAPTER XIX. 


ON FINDING. AREAS BY INTEGRATING. 

•t ff 

Onk use of the integral calculus is to enable us to 
ascertain the values of areas bounded by curves. 

Let us tr^ to get at the subject bit by bit. 



Xm 

Fig. 62. ( 


Let AB (Fig. 52) be a curve, the equation to which 
is known. That is, y in tijis curve is some known 
function of x. Think of a piece of the curve from 
the point P to the point Q. 

Let a perpendicular PM be dropped from P, and 
another QN from ^he point Q. Then call OM~x^ 
and 03 r=»iB 2 , and the ordinates PM—y^ and 
We have thus marked out. the area PQNM that lies 
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beneath the piece PQ} The problem is, how cari^we 
calculate the value of this area ? • 

The secret of solving this problem is to conceive 
the area as being divideS up into a lot of narrow 
strips, each of them being of the width dx. The 
smaller we take dx, the more of them there will be 
between and Now, the whole area is clearly 
equal to the sum of the area.^ of all such strips. i)ur 
business will tlien be to discoviT an expression for 
the area of any one narrow strip, and to integrate it 
so as to add together all the strips 14<5w think of 
any one of the strips. It will be like this: 
being bounded between two vertical sides, with i 
a flat bottom dx, and with a slightly curved : 
sloping top. Suppose we take its average • 
height as being y ; then, as its width is dx, its | 

area will be ydx. And seeing that we may j 

take the width as narrow as we please, if we 
only take it narrow enough its average height will be 
the same as the height at the middle of it. Now 
let us call the unknown value of 4he whole area^ 
8, meaning surface. §The area of one strip will be 
simply a bit of th^ whole area, and may therefore 
be called dS- • So we may write 

area of 1 strip =dS=y^dx, 


If then we add up all the strips, we get 

total area | | ydx. 


So then our finding 8 (jepends on whether we can 
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f 

intv'grate ^/•djc for the particular case, when we*know 
wliat the value of ?/ is as a function of x. 

For instance, if you were told that for the particular 
curve in question //=fj + ax^, no doubt you could put 
that value into the expression and say : then I must 

find I {b + (H?)(lx. 

That is all very v^ell , but a little thought will show 
you that something moie must be done. Because the 
area wo are trying to find is not the area under the 
wdiole l(‘ngth of tlie curve, but only the area limited 
on the left by PM, and on the right by QN, it follow^s 
that w(‘ must do something to define our area between 
those 

This introduces us to a mwv notion, namely that of 
hib^gratiiKj h< tween limits. \V\^ suppose x to vary, 
'•and for the present purpose we do not reti|l|||^^ny 
value of X below (that is OM), nor 
X above Xo (that is ON). When an integral is tobe 
thus defined between two limits, we call the low^er 
of the tw^o vahies the inferior limit, and the uppCnf* 
‘value the superior limit Any integral so Iimite^*< 
we de.signate a.s a definite integral, by way of dis-* 
tinguishing it from a general integral^ to which no 
limits are assigned. * 

In the symbols which give instructions to integrate, 
the limits are marked by putting them at the top 
and bottom respectively of the sign of integration. 
Thus the iustructiorf 

I y^dx 
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will be read: find the^integral oi y-dx betweenKhe 
inferior limit and the superior limit 

Sometimes the thing is written. more simply 


['irdx. 


JXx 

Well, but how do you find an integral between limits, 
when you have got these instructions ? 

Look again at Fig. 52 (p 206).' Suppose w^e o»uld 
find the area under the la^er pi(^ce of curve from 
A to Qt that is from x = 0 to «/' = ./%, naming the area 
AQNO. Then, suppose we could find aiiea under 
tlie smaller piece from A to P, that is from a? = 0 to 
x = namely the area APMO. If then we were to 

' subtract the smaller area from the larger, we should 
have left as a remainder the area PQNAI, which is 
wha t'Jte want. Here we have the clue as to what 
toj||||H^ definite integral hetw^een the two limits is 
wKf^creTice between the integral worked out tor 
Pie superior limit and the int('gral worked out for the 
Jljiwer limit. 

2 .Let us then go ahead. First, find the genera^ 
TOitcgral thus ; 


\y<lc, 


and, as y = h-^sCUX? is the equation to the curve (Fig. 52), 
{h+ax^)dx 

is the general integral which we must find. 

Doing the integration in question by the rule 

(p.l96),we*Bt ' 

■ W • 
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anc this will be the whole area froan 0 up to any 
value of ac that we may asaigii. 

, Therefore, the larger area up to the superior limit 

and the smaller area up to the inferior limit will be 


Now, subtract the smaller from the larger, and we 
get for the r 4 ’ea S the value, 

area 

This is the answer we wanted. Let us give some 
numerical values. Suppose 6 = 10 , a = 0'06, and a? 2=8 
^and a?i = 6 . Then the area S is equal to 

10(8-G) + -J*^(8“-63) 

O 

= 20+0-02(512-216) 

=20 + 0-02x296 
= 20 + 5-92 
= 25 92. 

Let us here put down a rymbolic way of stating 
what we have ascertained about limits : 

[ ykac^yt-yi, 

, .V 

where y^ is the integrated value of ydx corresponding 
to and y^ that corresponding to a;,. 
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AH iategration between limits requires the d)lfer> 
ence between two values to be thus found. Also note 
that, in making the subtraction the added constant. C 
has disappeared. 


Examples, 

(1) To familiarize ourselvhs with the process, let us 
take a case of wliich we know tlie answer beforehand. 
Let us find the area of the triangle (Fig. 53), which 

y\ 



/2 

Fia. 53. 


base x^\i and height y = 4. We know before- 
hand, from obvious mensuration, that the answer will 
come 24. 

^ Now, here we have as the “ curvei” a sloping line 
for which the equation is 





The area in question will be 



r*-it 



«b0 




XI/ 

Integrating -^dx (p. 194), and putting down the 
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valu(: of the general integral i& square brackets "with 
the limits mdrked above and below, we get 

r 1 1 


= ---= 24 *. Aits. 
() 


Note that, in dealing with definite integrals, the 
constant (J alwaj^s disappears hy subtraction. 

L(it us satisfy ourselves about this rather suj’- 

])risiTig dodge of calcula 
tioii, by testing it on 
a simple example. Get 
some squared paper, pro- 
ferably some that is 
ral(‘d in little squares of 
'V- one-eighth inch or om;- 

tenth inch each way. On this, 8(juarcd paper plot 
out the graph of this equation, 

' a? 

r ^”3" 

The values to be plotted will be : 


X 

0 

3 

6 

9 

12 

y 

0 

1 

2 

3 

4 


The plot is given in Fig. 5i. 
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Now reckon out tRe area beneath the curvJ by 
counting the little squares below the linfe, from ir' = 0 
as far as 07 = 12 on the right. There are 18 whole 
squares and four triangles, each of whicli has an area 
equal to li squares; or, in total, 24 squared. Hence 

24 is the numerical value of the integral of 

between the lower limit of = 0 and the higher Jimit 
of a; = 12. 

As a further exercise, show that the value of t})e 
same integral between the limits of 07jp3 tyid 07 = 15 
is 36. 

(2) Find the area, between limits 07 = 07^ and 07 = 0, 

of the curve //= — . 

07 + a 



Area = 


X = Xi 

y^dx— 


'X = Xi 

• 6 


'~dx 

07 -ha 
x»0 


xs0« 
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. =6[log.(a?+a)+C'j^’ 

= h [log. (j?, + a) + C- log. (0 + a) - (7] 

= h log, A ns. 

Let It be noted that this process of subtracting one 
part from a larger to find the difference is really a 
common practice. How . do you find the area of a 



plane ring (Kig. 56), the outer radius cf which is 
pnd the inner fadius is You know from men- 
suration that the area of the outbr circle is ; then 
you find the area of the inner circle, wri® ; then you 
subtract the latter from the former, and find area of 
ring = Tr(r 2 ®— which may be written 

= mean circumference of ring X width of ring. 

(3) Here’s another case — that of the, die-away curve 




(4) Anojiher example is afforded by tfie adiabatic 
curve of a perfect gas, the equation to which is 
where p stands for pressure, v for volume, 
and n is of the value 1*42 (Fig. 58). 

Find the area under the curve fwhich is proportional 
to the work done in suddenly compressing the gas) 
from volume to volume 
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l/ere we have * 

1= I cv~^^-dv 

J V - Vj 

Ll — u X, 


area = 


= (v.2^ - ‘ 

l—w ^ ^ 

0-42Vv2»42 ^^042; 


A n Exercise. 

Prove the ordinary mensuration formula, tliat the 
area A of a circle whose radius is li, is equal to irBr. 

Con.sid<^r an elementary zone or annulus of the 
surface (Fig. 59), of breadtli r/r, situated at a distance 



r from the centre. \V e may consider the entire sur- 
face as consisting of such narrow zones, and the 
whole area A will ^ simply be the integral of all 
such elementary zones from centre to margin, that is, 
integrated from r = 0 to r = J?. 

We have therefore to find an expression for the 
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• • 

elemtatary area dA of the narrow zone. Thinlc of 
it as a strip of breadth dfr, and of a length that is 
the periphery of the circle of radius r, that is; a 
length of ^7rr. Then we have, as the aijea of the 
narrow zone, = ^irrdr. 


Hence tlie area of the whole circle will be : 

I* rr=R ^ Cr-^Jl 

A = ldIA = l 27rr* t/r=27rl r-dr, 

J Jr~0 , Jr=0 

Now, the general integral of r* dr is \t\ Therefore, 

r * 


or 

whence 


A^i:R\ 


Another Exercise, 

Let us find the mean ordinate of the positive part 
of the curve y = x^x^, which is shown in Fig. GO. 


Y 

1 

! 

1 

1 

II 

! 

Si 


/ ^ 


Fig. 60. 


To find the mean ordinate, we shall have to find the 
area of the piece OMN, and then divide it by the 
length of the base ON, But^ before we can find 
the area we n^ust ascertain the length of the base, 
so as to know up to what lin^it we are to integrate. 
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At the ordinate y has zero value ; therefore, we 
must look at the equation and see what value of x 
will make y = 0. Now, clearly, if x is 0, y will also be 
0, the curve passing through the origin O ; but also, 
if x = y — 0 : so that x=l gives us the position of 
the point N, 

Then the area wanted is 

J.»=.0 L Jo 

But the* base length is 1. 

Therefore, the average ordinate of the curve = -I-. 
{N,H . — It will be a pretty and simple exercise in 
maxima and minima to tind hy differentiation what 
is the lieight of the maximum ordinate. It must be 
greater than the average.] 

The mean ordinate of any curve, over a range from 
07 = 0 to x = is given by the expression, 

1 

mean // = — 1 ?/ • nU7. 

J x=0 

If the mean ordinate be required over a distance not 
beginning at the origin but beginning at a poi^ 
distant Xi from' tlie origin and endingi,at a point 
distant X 2 frdm the origin, the value will be. 

nieany=— pdx. 
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. Areas ixv Polar Coordinates, 

When the equation of the boundary Af an area is 
given as a funotion of the distoice r of a point of it 
irom a fixed point 0 (see Fig. 61) called the pole, and 


Fig. (»1 


X • 



of the angle which r makes witli tlie positive liori- 
zontal direction OX, the proct^ss just explained can 
be applied Just as easily, vsith a small modification. 
Instead of a strip of area, ^^e consider a small triangk 
OAB, the angle at 0 being dQ, and we find the sum 
of all the little triangles making up the required 
area. 

The area of such a small triangle is approximately 

or hence the portion of the ar^a 

included between the curve and two positions r 
correspondiifg to the angles and dg is ^iven by 
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^luMm-pUn. ' 

(1) Find the area of the sector of 1 radian in a 
circumference of radius a inch. 

The polar equation of the circumference is evidently 
r = a. The area is 

fC = l = » /72 

Jtf=0 . ^ Jtf-O ^ 

(2) Find the area of the first quadrant of the curve 
(known as “Pascal’s Snail”), the polar equation of 
which is.y=u(l +CO.S 0). 

Area = A f I + cos BfdQ 
'J«=o 

= ^'( "(1 + 2 cos 0 + 008^6)00 
(r(37r + 8) 


^ AJolumes by Integration. 

What we have done with tlio^area of a little strip 
of surface, we can, of course, ju§t as easily do with 
the volume ^of a little strip «.f a solid. ' We can add 
up all the little strips that make up the 'total solid, 
and find its volume, just as w’e have added up all the 
small little bits that made up an area to find the final 
area of the figure operated upon. 
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Examples. 

(1) Find the volume of a sphere of radius r. 

A thin spherical shell Jias for volume 4f7ra^dx (see 

Fig. 59, p. ^16) ; summing up all the concentric shells 

which make up the sphere, we have 

J x=r rir.*^"l'* 

4i7rx^dx=M ~ = -j7rr^. 

ar=0 L O Jo 



We can also proceed fis follows: a slice of the 
sphere, of thickness dXy has for volume itij^dx (sec 
Fig. 62). Also X and ?/ are related by the expression 

> r^-’- 

Hence volume inhere = 2 1 7r(^*- — x^dx 

(2) Find the volume of the solid generated by the 
revolution of the curve about the axis of x, 

between a:; = 0 and it» = 4. • 
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volume of a slice of the solid is vi/^dx. , 

j•ea^4 |V*s4 

Jience volume = Tri/'dx^QTrX xdx 

— 0 • Jl = 0 

= G7r[^‘T = 48x = 150-S; 


On Quadratic Means. 

In ‘certain branches of -physics, particularly in the 
study of alternating electric currents, it is necessary 
to be able to calculate the quadratic mean of a 
variable (•juantity. By “(quadratic mean’' is denoted 
the squar(‘ root of the meiui of the squares of all the 
values between the limits considered. Other names 
for the fphidratic mean of any quantity are its 
“virtual” value, or its “rm.s.” (meaning root-mean- 
3 quare) valu(\ The French term is valeur efficace. If, 
y is the function under consideration, and the quad- ' 
ratic mean is to be taken between the limits of a;=0 
and x — then the quadratic mean i>s expressed as 



Examples. * 

(1) To find the quadratic mean of the function 
y=ax{¥\g.p), ^ 

Here the integral is { a^a?dx, 

Jo 

which is 

Dividing by I and, taking the square root, we have 
quadratic mean =-^ at 
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xler4 the arithmetJfcal mean is hal ; and the ratio 
of quadratic to arithmetical meau (this ratio is called 
2 

the fonn^factoi ) is —^=^1*155. 

v8 



or 


(2) To find tlie quadratic mean of the function 

rr^l ^ 

The intet^ral is 1 that is ^ — --r- 

” Jx=.o + 1 

Hence quadratic mean = ^ ^ 

or 

(3) To find the quadratic mean of the function ]/ = a^. 

f x~i f a\2 rx--i 

[(V^j djr. that is 1 
x-O Jj 0 

^ r ay 

. Liog., 


^1: -y=i 


, . - “i 1 

whicn IS 1 

Ipg.d 

Hence the quadratic mean is 


2/7J 


llog^a 
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E.rercifies XVlll. (See p. 297 for Answers^) 

(1) Find Uie area of the curve = + — 5 be- 

tween x* = 0 and x‘ = G, and the mean ordinate between 
these limits. 

(2) Find the area of the parabola y=^2a>J jc between 
.r = 0 and x = a. Show that it is tw^o-thii*d.s of the 
1 ‘eelangle of the limiting ordinate and of its abscissa. 

(dy Find the area of ike [>ositive portion of a sine 
curve and the mean ordinate. 

( 4) P'iiid tlie area of the portion of the curve y = sin- a? 
from O' bo 1^0'', and tind the mean ordinate. 

(5) Find the area included h'tween the two branches 

of the curve = from ./* = 0 to x = also the 

area of the positive portion of the lower branch of 
the curve (see Fi^. 30, p. 108). 

(6) bind th(' volume of a cone of radius of base )% 
and of hei^lit h. 

(7) Find the area of the curve y = a:i^’-log^x^ 
tween .x* = 0 and .f=l. 

(S) Find tlie volume generated by the curve 
yj= ^ \ as *it revolves about the axis ^f x, be- 
tween X = 0 and * 

(i») Find the voluine generated by a sine cukye 
revolving al^out the axis of x^ ^ 

(10) Find the area of the portion of the curve 
xi/ = a included between a?— i and Find. the 

mean ordinate between the^ limits. 
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(llj Show that the /juadratic mean of the function 
y = aina 7 , between the limits of 0 and m radians, is 

Find also the arithmetical moan of the same 

function be<?ween the same limits ; and show that the 
form-factor is =1*11. 

(12) Find the aritlimetical and (]\iadratic means of 
the function .r“-}-3^‘ + 2, froii] = to ./* -o. 

(lo) F'iiid the quadratic n\ean and the arithiuvucui 
moan of the function y = sin.r+-^l^j 3.r. 

(14) A certain curve lias the ei | nation *//=^o 426'^'^ 
Find the area included b(‘tweon tin* curve and the 
axis of ,x\ from the ordinate at .r = 2 to the ordinate 
at ,r = S. Find also the heioht of the moan ordinate 
of tlie curve betw('on these points 

(15) Show that tlio radius of a circles the area o4 
whlcli is tv^ice the ar(*a of a polar diagram, is equal 
to ||ie quadratic mean of all the values of /• for that 
polar diagram. 

(Ih) Find the volume generated^ hy the curve 
+'^ rotating about the axis ^f x. 



CHAPTER XX. 

DODGES, PITFALI^S, AND TRIUMPHS. 

Dodges. A great part ot the labour of integrating 
things consists in licking them into some shape that 
can be integrated. The books — and by this is megtnt 
the serious books — on the Integral Calculus are 
of plans and methods and dodges and artifices ^ 
this kind of work. Tlic following are a few of 
them 

• Integration by Farts. This name is given to a 
dodge, the formula for which is 

It is useful in some eases that you can’t tacltle 
directly, for it shows that if in any case jxdu can ; 
be found, then can also be found. Tlie formula ‘ 

can be dedijccd as follo^^s• From p. 38, Ve IjgjKe, 
d {nx) = udx+xdu, 
which may be written 

udt=^d{ux)—xdu, 

which by direct integration gives the above expi^iaion* 
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Examples. 

(1) Find • sin w dw. 

Write v = il\ and for sm w • dw wnte dx. We sliall 
then have da^dw^ w^Iiile Jsin?r •r//r= — cos^r = a?. 
Putting tliese into the formula, w^e get 

J w • sin w dw = — cos //•) “ | ~ cos w dw 

= — w cos /r+ sin + C7. 

\x6^dx. 

ti — Xy e^dx — dvy 
du = dXy r = e^ 

dx^ xe^ dx (by the formula) 

v' =076®— = 1) + C. 

(S'! Try |co 8 '' 0 <;a 

*'■ m=cos9, <xn6<IQ—dv. 

du= —Mn 6 d$, v = »n 0, 

|cos* 0 (i 0 t:cos Q sin 0+1610*0^0 

2cos0sin0 f ‘a\i^ 

2 + J(1 -cob-0)(Z0 



Hence 




=^— +Jrf0-|cos*0rf0. 


2lco8*0<i0=2i^+0 


2|c 


2* 

sin 20 . 0 . ^ 
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(4) Find sin 

Write 9? = n, sin x dx = dv ; 

then dn = 2x* dx, «? = — cos a?, 

ja:*" sin x dx = — oi? cos x + 2jx cos x dx. 

Now find |.ZJ cos a? integrating by parts (as in 
Example 1 above): 

cos X dx = X sin x + cos x + C. 

Hence 

jar sin xdx- — a:?‘^cosa;+2,/*sina; + 2 cos.X'+(7' 

= 2|^a?sina?+cosa:'(^l-^y^ +6^ 

, (5) F'ind 1^1 — 

Write = V I — dx = dv; 

then dn= (see Chap. IX., p. 67) 

Vl — XT 

and X = V ! ; ^^o that 

|vr^?<fa'=a.vrrs+|^^- 

Eore \vc may use a little dodge, iFor we can write 
f 5 f(l —x^)dx Y dx f a^dx 

Adding these two last equations, we get rid of 
and we have 


and we have 
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• « 

(l\JG • • ^ 

Do* you remember ineeting ? it is got by 

V 1 — • 

differentiating // = arcsinj:‘ (see p. l7l); hence its in- 
tegral is arc sin ,x\ and so * 

|x/l — y^ilx = ^ i arc sin x + O. 

You can try now some extTcitios by yourself, you 
will find some at the end of this chapb'r. 

Sub'ititrULon. 'J'his is the same dodge as exjjlaincd 
in Chap. IX , j). G7. Let us illustrate ife application 
to integration by a few examples. 

( 1 ) S+xdje. 

ii+x = )i, <iv—du', 


Let 

replace 

(2) f- — - 


'\n'- = 


, Let 


— and 


flu 


(lx 


X » 


'V., , i dx f f/w f du _ f rfw 

— is the result of differentiating ai'c tan u. 

1 + «* 

Hence the integral is arc tan e*. 



dm * j 

dm 

Ja5* + 2a:!+3 J 

a!*+2aj+l + 2 J 

• 
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Let 


then the iutetjral becomes 


jo+l—u, dji;=du; 

dll 




chf 


it^ + a^ 


IS 


tlie result- of differentiating - arc tan 

^ a a 

1 . X * + 1 

Hence one has finally arc tan * — j— for the value 

V 2 V 2 

of tlie ^iven integral. 

Fiinnulif' of Reduction ar*' special forms applicable 
chiefly to binomial and trigonometrical expressions 
that have to be integrated, and have to be reduced 
into .some form of which the integral is known. 

Rational ization, and Factorization of Denominator 
are dodges applicable in special cases, but they do not 
admit of any short or general explanation. Much 
practice is needed to become familiar with these pre- 
paratorj^ processes. 

The following example shows how the process of 
splitting into partial fractions, which we learned in 
Chap. XIIL, p. ]?2, can be made use of in integration. 

'T.kc it-*, .put 

inU*^ partial fractions, this becomes (see p, 232) : 

1 rf dx f dx ’ 1 

_ 1 , ar+l-*-»y —2 

Notice that the same integral can be expressed 
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sometimes in more thail one way (whicii are equivalent 

to one another). * 

Pitfalls. A beginner ts liable to overlook certain 
points that* a practised hand would avoids such as 
the use of factors that are equivalent to either zero or 
infinity, and the occurrence of indeterminate quantities 
such as g. There is no golden -rule that willjinect 
every possible case. Nothing but practice and intelli- 
gent care will avail. An example of a pitfall wliich 
had to be circumvented arose in i’hap. XVI^I., p. 199, 
when we came to the problem of integrating 

Triumphs. -By triumphs must be understood the 
successes with which the calculus has been applied to 
the solution of problems other^\ ise intractable. Often 
in the consideration of physical relations one is abl^ 
to build up an expression for the law governing the 
interaction -of the parts or of the forces that govern 
them, such expression being naturally in tlie form of 
a differential equation, that is an equation containing 
differential coefficients with or without other algebriic 
.quantities. And wHen such a different iitl equation 
has been found, orte can get no further until it^as 
been integrsSted. Genryally it is much easier to state 
the appropriate differential equation than to solve it : 
the real trouble begins then only when one wants to 
integrate, unless indeed the equation is seen to possess 
some standard form of which t|je integral is known, 
and then the triumph is easy. The equation which 
results from integrating a differential equation is 
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* ' I 


caller]* its “solution”; and ft is quite astonishing 
h.ovv in many cases the solution looks as if it had no 
rolaiion to the differential ^equation of which it is 
the intcfjrated form. The ^solution oftep seems as 
diffei'(mt from the original expression as a butterfly 
do(\s from the caterpillar that it was. Who would 
have supposed that such an innocent thing as 

• d!/ J 1 - 

(lx 

coultl blossom out into 



a-\-x 

(l — X 


fC? 


yet the latter is the solution of the former. 

As a last example, let us work out the above togethen 
By partial fractions, 


rr — 


^ . .i 1 , 

•la{(i-^x) 2(f{a — xy 


, _ (lx 

^ ~ 2a(a + aO 2a{n - 


a;) 


^ 2aVjff+a; J«— a?/ 


1 

'la 

1 


= (log. (a + x) —log. {a-x)) 




*ThiB moans that the actujff result of solving it is called its 
‘‘solution.” But many mathematicians would say, with Professor 
Forsyth, “every differential equation w considered as solved when 
the value of the dopenddiit variable is expressed aa a function of 
the independent variable by means either of known functions, or of 
integrals, whether the integrations in the latter can or cannot be 
expressed in terms of functions alre^y known.” 
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N6t a very difficult 'Viietainorphosis ! 

Tliere are whole treatises, such as Boole’s Differed- 
t\al Equations, devoted to the subject of thus finding 
the “ solutions ” for dilferent original fornis.^^ 

Exercises XTX, (See p. 298 for Answers.) 


0) 

Find j 

dx. 

(2) 

Find 1 

\x\og^xdx. 

' » 

(3) 

Find j 

j*.x‘®logt.r t/a?. * 

(4) 

Find 

cos e* dx. 

(5) 

Find J 

cos (loge x)dx. 

(6) 

Find' 

dx. 

O) 

Find j 


(») 

Find 

f dx 
J./7log,.7* 

m 

Find J 

ilr 

(10) 

Find 

({x^ — *^)dx 
jx^ — 7^1/ -f* 6, 

(11) 

Find j 

r bdx 

(12) 

Find 


a3) 

Find J 

r dx 

(14) 

Find 


11 -X*' 

ixs/o --bx^ 



CHAPTER XXL 

FINDING '.SOJ.UTIONS. 

Is this chapter we go to work finding solutions to 
some important differential (Halations, using for this 
purpose the processes shown in the preceding chapters. 

The beginner, who now knows how easy most of 
those processes are in themselv'(‘s, will here begin to 
realize that integration is (t7i art. As in all arts, so 
in this, facility can be acquired only by diligent and 
regular practice. He who would attain that facility 
must work out ('xamples, and more examples, and yet 
more examples, such as are found abundantly in all 
the regular treatises on the Calculus. Our purpose 
here must be to afford the briefest introduction to 
serious work. * , 


Example *1. 
equation 


Find the solution of the differential 

* 0 . 


Transposing we have 



ay.. 
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• . ... 

Nqw the mere inspection ef this relation tellli us 

that we have got to do with a case in which ip 

ax 

• 

proportional to j/. If wfe think of the curve which 
will represent y as a function of x, it will be such 
that its slope at any point will be proportional to 
the ordinate at that point, and will be a negative 
slope if y is positive. So pbvifUisly the curves will 
be a die-away curve (p. 156), and the solution will 
contain as a factor. But, without presuming on 
this bit of sagacity, lot us go to work. • , 

As both y and dy occur in the equation and on 
opposite sides, we can do nothing until we get both 
y and dy to one side, and dx to the other. To do 
this, we must split our usually inseparable companions 
dy and dx from one another. 

y ft 

Having done the deed, sve now can see that both 
sides have got into a 8 lia })0 that is intcgrable, because 

we recognize or -<///, as a differential that We 

y *y 

have met with (p. 147) when differentiating logarit^s. 
So we may ‘at once w^-ite down the instructions to 
integrate, • 

and domg the two integrations, we have: 

a * 

log.y*-|a!+log.(7, 
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where log* (7 is the yet undetermined constant**^ of 
integration. , Then, delogarizing, we get : 

which ia,£he solution required. Now, this solution 
looks quite unlike the original differential equation 
from wliich it was constructed : yet to an expert 
mathematician they l)oth convey the same information 
as to tlie way in which y depends on x. 

Now, as to the (7, its meaning depends on the 
initial value * of y. For if we put x = 0 in order to 
see what value y then has, we find tliat this makes 
y — Ce'^\ and as = we see that C is nothing else 
than the particular value t of y at starting. This we 
may call j/q, and so write the solution as 


Example 2. 

Let us take avS an example to solve 

where g is a constfint. Again, inspecting the equation 
will suggest, (1) that somehow or ‘'other e® will come 
into the solytion, and (2) thaV if at any part of thfe 

* We may write down any form of constant as the “ constant of 
integration,'* and the form log«C is adopted here by preference, 
because the other terms in this line of equation are, or are treated 
as logarithms ; and it saves complications afterwatd tf the added 
constant bo of the same kiii4l. 

t Compare what was said about the "constant of integration,**^ 
with reference to Fig. 48 on p. 187, and Fig. 51 on p. 190. 
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1 

curve'y becomes either*ii, maximum or a minimum, so 

that *ir =0, then w will have the value = -. But let 
dx ^ a 

us go to work as before, separating the differentials 

and trying to transform the tiling into some in- 

tegrable shape. 

jdi/ 

€lx b\<c •'/’ 

(1 b 

y-a 

Now we have done our bust to get notliing but y 
and dy on one side, and nothing but d.x on the other. 
But is the result on the left side integrablo ? 

, It is of the same form as the result on p, 148 ; so, 
writing the instructions to integrate, we have: 


y-l 


a 


dxy 


and, doing the integration, and adding the appropriate 
constant, 

-|a;+log,C7; 


wlieace y — -^ = C€ 

ct 

and finally, ^ 

Cv 

which is the solution, , 
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if the condition is laid dowA that y = 0 when’ji?=0 
we can find'C ; for then the exponential becomes = 1 ; 
and we have 


O.J+O, 


or C=-2. 

a 

Putting in this value, the solution becomes 
, • •'a ^ 

But further, if x grows indefinitely, y will grow to 
a maximum; for when x=^, the exponential = 0, 

giving y^nux. = -• Substituting this, we get finally 

€t 

a 

This result is also of importance in physical science. 


, Example 3. 

dv * 

Let rty+6^=gf*8in2Trn<. 

We shall, find this much iess tractable than the 
preceding. First divide through by 6. 

Now, as it stands, the left side is not integrable. 
But it can be made so by, the artifice — and this is 
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whei^e skill and practice suggest a plan — of multiplying 
all the terms by , giving us; 

sin iirnt, 

^dt 6 *' 0 

which is the same as 

and this being a perfect diil'i^rential may bo integrated 

, . .. dn dif U , 

thus: — since, if = ^ = ^ 

* • sin 27rnt •dt+0, 

or y = ’^€'^^|€^^*sin27r'n^ + [a] 

The last terra is obviously a term which will die 
out as t increases, and may be omitted. The trouble 
now comes in' to find the integral that appears as a 
factor. To tackle this we resort to the device (see 
p. 226) of integration by parts, the general formula for 

which is ^udv^uv-^^vdii. For this purpose write 

■ I .....S'; 

[ dv—mi2Trnt^dt 


du-€^^ X%dt\ 

t^= ^--L-cos27rwf. 
Zirn 


We shall then have 



240 CALCULUS MADE EASF 

Inserting these, the integral in question becomes: 
je^**sin 2Tnit*dt 

= — • cos 27rnt— f cos "lirnt • • y dt 

zirn . J zirn b 

^ cos 2Trnt+:^-~j • cos 2irnt • dt [b] 

Tlie last integral is still irreducible. To evade the 
difficulty, repeat the integration by parts of the left 
side, but treating it in the reverse way by writing : 

= sin 27rM^; 

dv-e^^-dt\ 

= 27 rH - cos 'liDif * dt ; 

h 

i?= 

a 


Inserting these, we get 

= ^ • e‘* • sin 2ir«« — |{ »*( cos 27rw^ • dt, ... ..[c] 


Noting ttfet the intractable integral in [c] is 
the same as that in [h], we may eliminate it by 

multiplying [b] by and multiplying [c] by 

(I 


a 

^irnb 


, and adding them. 



FINDING SOLUTIONS 


241 


The result, when cldiired down, is : 


6^* • sin 2Trnt-dt 


It (ab • sin 2’knt—27nih- • cos 2Tnf\ 


Inserting tliis value in [a], we get 

(a • sin 2irnt — 2Trnh * cos 27r«^l 


) [D] 


y 




/■ 


To simplify still further, ‘let us imagine can angle 0 


such that tan0 = - 


2'7rnb 


Then sin0 = 


a 

27rub 


s/aF+^Tt^iirU^ * 


and cos d) = - - ^ - 

^ s/aF+m^it^b^ 

Substituting these, we get : 

_ cos (j) • sin 'lirnt — sin ^ • cos 27r7it 

^ ^ s/a‘^+47rW6- 

which may be written 

- _ sin(2xy(^ ^-- 0) 

y-o cV+tow’ 

which is the^8olution desired. 

This is indeed none other than the ecfuation of an 
alternating electric current, where g represents the 
amplitude of the electromotive force, n the frequency, 
a the resistance, h the coefficient of self-induction of 
the circuit, and ^ is an angle of lag. 


C.M.E. 


Q 
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Example 4. 

Suppose that Mdx+Ndi/^^O, 

We could integrate this expression directly, if JLf 
were a function of x only, and N a furfction of y 
only; but, if both M and N are functions that depend 
on ])oth X and y, how are we to integrate it ? Is it 
itsolt' ill! exact differential? That is: have M and N 
each formed by partial differentiation from some 
common function L\ or not ? If they have, then 

(dU^ 
dx 
\^U 








And if such a common function exists, then 
dx ^y ‘ 

is an exact difierential {compare p. 175) 

Now the test of tlie matter is this. If the expression 
is'an exact difierential, it must be true that 

dM^dN, ^ 
dy dx ’ 

for then djdU) 

* * dxdy~ dydx' 

which is necessarily true. 

Take as an illustration the equation 

{}.+ZQcy)dX’ho^dy=^Q. 
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I» this an exact differential or not? 


test. 


dfy 


d{x^) 

dx 


= 2a?, 


243 

Apply the 


whicli do not agree. Therefore, it is not an exact 
differential, and the two Tunctions ]+3£ny and 
have not come from a comnfton original function. 

It is possible in such cases to discover; however, an 
integrating factor, that is to say, a factor such that 
if both are multiplied by this factor, the expression 
will become an exact differential. There is no one 
rule for discovering such an integrating factor; but 
experience will usually suggest one. In the present 
instance 2x will act as such. Multiplying by 2a?, we 

(2a? + + 2oc?dy = 0. 


Now apply the test to this. 

' dy ’ ■ 

, dx 

^ • 

whicji agi?eea Hence this is an exact difterential, and 
may be integrated. Now, if w^2o(?y, 
dw=^Qx^ydx+2Qi?dy. 

Hence |6a?*y dx -H « w = 2a?®y ; 

so that we get U =it**+2aj®y+(7. 
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Examiyle 5. Let + 'nry = 0. 

In this case we have a differential equation of the 
second degree, in wliich y appears in the form of 
a second ditferential coefficient, as well as in person. 

Transposing, we have = —n'y. 

• It appears from this that we have to do with a 
function such tliat its second differential coefficient is 
proportional to itself, hut with reversed sign. In 
Chapter XV. we found tJiat there was such a func- 
tion — namely, tlie sine (or tlie cosine also) which 
possessed this property. So, without further ado, 
we may infe.r that tlie solution will be of the form 
y = A sin (pt+q). However, let us go to work. 
.Multiply both sides of the original equation by 

and integrate, giving us + ^ 


C being a constant. Then, taking the square roots, 

Bdfc it edn be shown that (see p. 171) 

j ci^arcsin^^ 

Wf ’ 

M'hence, passing from angles to sines, 

ff! 

are sin and n — Csin («<+ C,), 


= n’dt. 
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where Cj is a constant Single that comes in by integration. 
Or, preferably, this may be written 
// = A sin cos rtt, which is the solution. , 

Exaii ipte 6. — nhf = 0. 

Here we have obviously to deal with a function y 
which is such that its second diherential coefficient is 
proportional to itself. The only function we know 
that has this property is 'the exponentijil function 
(see p. 148), and we may be certain thei^fore that the 
solution of the etjuatioii will bo of that form. 

Proceeding as before, by multiplying through by 

2^^, and integrating, we get ^ ^ 


dy 

iix 


dx 




— n/v///4' 0*^ = 0, 

dy 


y 

du~^u dy~~ ^ 


where c is a constant, and — rfiP. 

Now, if w = log. ky + xj -hc^) = log, v’ 

^yz+v/^'+c* 

, ihr_ 1 ’• ' 

dy 

Hence, integrating, this gives us 

(y + V if + c®) = rit» + log, C, 

?/+'v//?T^) = C'e*“ 

Now (y + Vy®-i-c®) X (— y + %/?/+ c®) = c® ; 
whence “y+ 


■ 0 ) 

..( 2 ) 


I 
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Subtracting 
then have 


(2) from (1) ard dividing by 2, we 
1 1 /»2 

y 2^ 2(7 ’ 


which is lyiore conveniently written 

Or, the solution, which at first sight does not look 
as ifji^t Imd anything^to do with the original equation, 
sliows that y consists of two terms, one of which 
grows logarithmically as x increases, while the other 
term dies ^a way as x increases. 


Example 7. 


. Examination of this expression will show that, if 
/> = 0, it has the form of Example 1, the solution of 
wliich was a negative exponential. On the other 
hand, if a = 0, its form becomes the same as that of 
Example 6, the solution of which is the sum of a 
pafitive and a negative exponential. It is tiferefore 
not very surprising to find that' the solution of the 
gjesent example is 


where 


a j 
m = ^ and 
2,0 




The steps by which this solution is reached are not 
given here; they may be found in advanced treatisea 
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Example 8. 




It was seen (p. 177) that tliis equation was derived 
from the original 

y = F{x + at) +f{x 


where F and f were any arbitrary functions of ^ 
Another way of dealing with it is to transform it 
by a change of variables into 

-0 

da • do * 


where u^x+at, and v^x^at, lending to the same 
general solution. If we consider a case in which 
F vanishes, then we have simply 

y=f{x-at)\ 

and this merely states that, at the time t = 0, j/ is a 
[larticular function of n?, and may be looked upon as 
denoting that the curve of the relation of // to x has 
a particular shape, Tlien any change in tlie value 
of t is equivalent sirnply to an alteration m the origin 
from which x is reckoned. That is to say, it indicates 
that, the foijn of the function being conserved, 
propagated along the *x direction with a* uniform 
velocity a; so that whatever the value of the 
ordinate y at any particular time at any particular 
point 070, the same value of y will appear at the sub- 
sequent time at a point further along, the abscissa 
of which is In this case the simplified 
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equation represents the propagartion of a wave (of any 
form) at a uniform speed along the x direction. 

If the differential equation liad been written 


fpy j dhj 


the solution would have been the same, but the 
velocvly of propagation would have had the value 

fk 



CHAPTER XXII. 

A LITTLP] MORE AB(5)UT CURVATURE • 

OF CURVES. 

In Chapter XII. wc have learned how vvefcaij find out 
whieli way a curve is curved, that is, whcUuT it 
curves upwards or downwards towards the right. 
Tills gave us no indication whatever as to Itoir much 
the curve is curved, or, in other words, wdiat is its 
curvature. 

By curvature of a lino, we moan the amount of 
bending or deflection taking jilace along a ceitain 
length of the lino, say along a portion of the line the 
lengtli of whicli is one unit of length (the same unit 
wjiich is used to measure the radius, whetluT it be 
Qne inch, one f<x)t, ob any other unit). FoV instaifce, 
consider two circular paths of centre O and ()' and of 
equal length* AJi, •‘'see Fig. (>4). When passhit^ 
from A to. /i along the arc Ali of the >irat one, one 
cfcanges one’s direction from AP to BQ, since at A 
QOe faces in the direction AP and at B one faces in 
the direction BQ. ImWher words, in walking from A 
to jB one unconscious^ turns round through the angle 
PCQ, which is equal to the angle A OB. Similarly, 
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in passing from A' to a,iong the arc A'li', of 
equal length to Ali, on the second path, one turns 
round tlirough the angle J^CQ\ which is equal to the 
angle A'0'B\ obviously yreXiter than the correspond- 



ing angle AOfi. The second {)ath bends therefore 
more than the first for an equal Joiigth. 

This fact is expressed by saying that the curvatii/re 
of the second piVh is greater than that of the first 
onb. The larger the circle, the; lesser the bending, 
that is the lesser the curvature. If the radius of the 
tot* circle is 2, 3, 4, ... etc. times great^er than the 
radius of.th^ second, then the angle of bending or 
deflection along an arc of unit length will be 2, 3, 
4, ... etc. times less on the first circle than on the 
second, that is, it will be ... etc. of the bending 

or deflection alcmg the are of same length on the 
second circle. In other words, the cit/rvabure of the 
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• * I 

» 

first circle will be I, ••• second 

circle. We see tlnit, as the radius becomes 2, 3, 4, ... 
etc. times gi'eater, the curvature becomes 2, 3, 4, ... 
etc. times smaller, and thiii is expressed by saying that 
tlie curvature of a circle is inversely propoHumal to 
the radius of the circle^ or 

curvature = Z* X , 

^ radius 

where h is a constant. It is agreed to take /c=l,so 

that ] 

curvature = - v. — , 
radius 

always. 

If the radius becomes ind<dinit(‘]y great, the curva- 
ture becomes zero, since when the denomi- 

innmty 

nator of a fraction is indefinitely large, the value of 
the fraction is indefiniUdy small. For this reason 
mathematicians sometimes consider a straight line as 
an arc of circle of infinite radius, or zero curvature. 

In the case of a circle, which is perfectly symmetri- 
cal and uniform, so tjiat the curvature is ttie samtfat 
every point of its circumference, the above method of 
expressing the curvature is perfectly definite. 
ease of any other curve, however, the *ciiyvature is 
not the same at difl’erent points, and it may differ 
considerably even for two points fairly close to one 
another. It would not then be accurate to take the 
amount of bending or deflectiofi between two points 
ai a measure of the curvature of the arc between 
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these points, unless this arc fis very small, in- fact, 
unless it is indefinitely small. 

^ If then we consider a very small arc such as AB (see 
Fig. 65), and if we draw suth a circle that an arc AB 



of this circle coincides with the arc AB of the curve 
more closely tJiaii would bo the case with any otlier 
circle, then the curvature of this circle may be tak^n 
as* the curvature of tlie arc AN of the curve. The 
smaller the arc AB, the easier it will be to find a 
f#ffcle an arc of whicli most nearlv coincides witli the 

f '' 

arc AB of the cui \e. When A and B are very near 
one another, so that A B is so smalt so tliat the length 
(fe of the arc AB is practically negligible, then* the 
coincidence of the two arcs, of circle and of curve, 
may be considered as being practically pejffect, and 
the curvature of the curve_ at the point if- (or B), 
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bein^ -then the fiaine aa the curvature of the circle, 
will be expressed by the reciprocal of the radius of 

this circle, that is, by according to our way of 

measuring curvature, explained above. 

Now, at first, you may think tluit, if AB in very 
small, then the circle must be very small also. A little 
thinking will, however, cause you to perceive^ that it is 
by no means necessarily so, and that the circle may 
have any size, according to the amount of bending of 
the curve along this very small arc A B. *In fact, 
if the curve is almost flat at that p<ant, the (;ii’eie will 
be extremely large. I'his circh' is called tlui (‘irclr o/ 
cnrtujfure, or the OHcnI/Ui^uj cirrlr a-i the point coi]- 
sidered. Its radius is the rarllv.'i of mrvoinro of the 
cvu'Yo at< that particular point. 

If tlie arc AB is n^presenb'd by and the angle 
AOB by c/0, then, if r is the radius of curvature, 


(/s = r(lO or 


(10 1 


(la r 

The secant AB makes with the axis OX'the angle 
0, and it will be seen from the small trianghi AUC 

that = When^A/i is indefinitely final], so 

that B pi'actically coincides with A, tlie line AB 
becomes a tangent to the curve at the point ^ 
(or B). ^ 

Now, tajn 0 depends on the position of the point A 
(or J?, wlil^i is supposed to nearly coincide with it), 
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that is, it depends on x, or, in other words, tan Q is 
“ a function ” of x. 

Differentiating with regard to x to get the slope 
(see p 112), we get 


(lx 


d(tan 6) (Ptf 


hcnc‘(' 


(Ix 

(U 


-- = 8ec‘^6— = — 

dx dx‘’ dx c(yi^ddx 

(see p. 168) ; 

dB ^adhi 

D 1 a J f J. 

But , =cos6, and for ^ may write 


therefore 

1 dO (19 dx <,ad^» (Ij^ . 
r~ ds~ dx^ (h~^^ 5dj^~sec*^’ 


but sec 6 = V I + tan'^6 ; hence 


1 (l^ da^ 


Ttnd finally, 



The numerator, being a square root, may have the 
sign + or the sign — . One must select for it the 
Same sign as the den'bminator, so as to have r positive 
always, as a negative radius would have no meaning. 
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It has boon sliown *(Qiapter XII.), that if is 
positive, the curve is convex downwards, while if 
is negative, the curve is concave downwards. If 


tpjf 

djT 


= 0, tlie raclius of curvature is infinitely great, 


tliat is, the corresponding poHion of tlic curve is^i bi l: 
of straight line. This necessarily happens v lieiievtU' 
a curve gradually changcjs from being convex to con- 
cave to the axis of x or vice versa. The point wliere 
this occurs is calh'd Si point of inflexion. 

Tlie centre of the circle of curvature is called the 
centre of curvature. If its coordinates are x^x!/v 
the equation of the circle is (see p. 102) 


hence 2 {x — + 2 (// — i/^) dt/ = 0, 

and «-a^i + <'y-yi)^|, = 0. . .(]) 


Why did we differentiate ? To get rid of the con- 
stant r. This lea\es but two unknown constants x^ 
md ; differentiate again ; you shall get rid of one of 
tnem. This last differentiation is not quite as easy as 
it seems ; let us do it together ; we have : 
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the numerator of tim second term is a product ; Jience 
differentiating it gives 




'€) 

(lx, 


■ + 




(lx (lx 


'-=iy-yx) 





SO that the result of differentiating (1) is 



from this wo at once ^et 


2/i = // + 



Replacinu; in (1), wo get 


1 + 




My\^ 

\(/x, 


dx' 


dy 

dx 


=. 0 : 


and finally, 


x, — x 


dy{ 

<7x1 


1 + 


dy''\ 

ilr^ 


da? 


x■^ and //j give the position o^ the centre of curvature. 
The use of these formulae will lae best seen by care- 
fully going through a few worked-out examples. 

Example 1. Find the radius of curvature and the 
cooixlinates of the centre of curvature of the curve 
y = 2a?—x-\-^ at the point a!=0. , 
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We have g=4. 

'[dx) f {l+(4.r-l)^}« 

11^ 4 

dx^- 


when x = 0 \ this beconies 

a. 


If //j arc the coordinates of tlie centre of curva- 
ture, then 


a?i = a7— 


i(i^ 


(Ix^ 


4 


= 0 - 


(-l){l+(-])^} 1 


when x=0, y-3, so that 

i+W - 

eS? 


Plot the curve and draw the circle, it is both in- 
teresting and instructive. The values can be checked 
easily, as since when y«3, here 

+ or •6H‘52 = -50 = -707« 


CMS. 
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Example 2. Find the radius^ of curvature and_ the 
position of the centre of curvature of the curve 
= at the point for which y = 0. 


Here ' y = *-:-=XmSx~^= ' 

•' dr 2 •; 


•274’ 


hence 


,A- - V}!- 

dr-~ 



(4.r +w)4 

2m^ 


taking the — sign at the numerator, so as to have r 
positive. 

Since, wlien y = 0, a; = 0, we get,/* = ^ 

Inv ^ 


Also, if a-'i, are the coordinates of the centre, 

I 


0 * 1 = 07 - 


t f *2x^\ 

— — M ' ' " ■ 


TPy 

(Px 


sip-f 


4a^ 

4x+m 


=3a/'f' 


when aj=0, then Xi = ~ 


»*IS 
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Also 




1 + 


« 


m 

4.i* 


. dx^ 

when tr* = 0, //i = 0. 


7//- 

4^-5 




Example 3. Show that thc^ciicle is a ciir\e of 
constant curvature 

If d\y ?/i are the coordmaUvs of the centiv, and It 
is the radius, the equation of the circle in rectanf^fular 
coordinates is 

this is easily put into the form 


y=s/E‘-{.r - j\f + »/, ^ {R^ -(x~ i + yj. 
To diHerentiate, let = v ; then 

I ■ 1 -J O/ \ 


dx~ dti dx 


^^{R-{x-x,fr^x2ix-x,) 


^ i) 

Differentiate again , using the rule for dilfercntifttis 


of a fraction, we get * 

X - {- (x-x,)} 
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(it is always a good plan to ^ write but the whole 
expression iiv this way when dealing with a compli- 
cated expression) ; this simplifies to 


d^if _ {R^—^x-xd-}^ 

dx^ R-(x-x,f 




{R‘^-ix-x,n^’ 


henco 


■=• —Jj — ip ■ =Tr=*’ 


the radius of curvature is constant and equal to the 
radius of the circle. 


Example 4, Find the radius and the centre of cur- 
vature of the curve y—o[^—2x^+x—‘\ at points where 
a? = 0, x — O’o and ir = l*0. Find also the position of 
the point of inflexion of the curve. 


(3a;"-4a;+l)(l + (3a!=‘-4a;+l)^ 


Xi=X 


6a?— 4 



, 1 +(30::*— 407+1)* 
*'■=!'+ 65 =r 4 — • 
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When x — 0, y= —1, • 

r = ^^ = 0-707. aji = 0+J = 0-5, y, = -l-i = -l-5. 

• 

Plot thep curve, mark the point ^;fe=0, 2/*= — 1> take 
two points on either side about half an inch away and 
construct geometrically the circle passing by the three 
points ; measure the radius and tlie coordinates of ^ 
the centre, and compare wifti the above results. On a 
diagram, the scale of which* was 2 inches = unit length, 
the construction gave a circle for whicji r = 072, 
ifj = 0*47, 2 / 1 = -1*53, a very fair agreement. 

When X = 0*5, y = — 0*87 5, 


- 0-5 - — - - = O-SS, 

1 0!> 

= - 0-875 + = - 1-96. 

The diagram gave r=0-98, a;i«=0-33, yi=-l’83. 
When a?=l, y= »■ 1, 

r=- - = 0-5, 

_ ‘ oxd+O) , 

1 n - 

y,= -1+— 2— = 


The diagram gave r=0-57, a;i = 0'96, yj= —0-44. 
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At the pojnt of inflexion to— 4 = 0, and 

. \ hence ?/ = 0‘!)25. 

« 

Exarnpl?. 5. Find the radius and centre of ciirva- 

turc of the curve + e at the point for 

\vliich^.r = 0. (This curve is called the catenary, as 
a hanging chain affects the same slope exactly.) The 
equation of the curve may be written 

y = fc’'* + £ « ; 

then (s<jo p. 1 50 Examples), 

(U 1 a 2 a 2\ J 
Similarly 

< 0 /_ 1 1 


,>•= 




jf 

a- 


9 ’ ’ _ 

e" « = r=l,or ^ • 

= 8>W^ ‘• + e“+e -j “) =a’ 


when x=0, ?/ = ^^e“+«®)=a.| ^ 7 “= *-«")= 0; 


hence r= =a. 

a 
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The radius of curv^-ture at the vertex is equal to 
the constant a. 


Also 




0(1 -fO) . 

—5 


a 

. 

You are now sufficiently* familiar with this type of 
prol)lein to work out the followin^^ exercisevs by your- 
self. You are advised to eh(‘ck your afisw(jrs by 
careful plot! in j;’ of t-lio curve and construction of the 
circle of curvature, as explained in Example 4. 


Exerc\>^(’H XX. (For Answers see p. 299.) 

(1) Find the radius of curvature and the position 
of the centre of curvature of the curve f/ = €^ at the 
point for which x = 0. 

(2) Find the radius and the centre of curvature of 

( jf' 

^-*1 j at the point for wiiich ,>c=2. 

r- (3) Finj^ tl^e point or points of curvainn; unity 
the curve y — do^. ^ , . 

(4) Find the radius and the centre of curvature of 
the curve wi, at ^le point for whicli sfrn. 

(5) Fi»the radife^d the centre of curvature of 
the curve>||fc4aa? aftK point^for which ,x* — 0. 

(6) Fii||^he radius and the centre of curvature of 
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the curve at the points for which iKf= ±0*9 and 

also x = ^, * 

(7) Find the radius of curvature and the coordi- 
nates of tlie centre of curvature of the curve 

at the two points for which £r = 0 and = re- 
spectively. Find afeo the maximum or minimum 
value of ?/. Verify graphically all your results. 

(8) Find the radius of curvature and the coordi- 
nates of the centre of curvature of the curve 

at the points for which — 2, a* = 0, and 

(9) Find the coordinates of the point or points of 
inflexion of the curve y — 

(10) Find the radius of curvature and the coordi- 
nates of the centre of curvature of the curve 

at the points for which x=l’2, x — 2 and it* =2*5. 
Wlvit is this curve ^ 

(11) Find the radius and the centre of curvature of 

the curve y + at tHe points for which 

7=0, ir*= -fl'S. Find also th^ position of the point 
of inflexion. 

(12) Find the radius and centre of curvature of 
the curve y — sind at the points for which 0=j and 
0= Find the position of the point of inflexion. 
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(13) Draw a circle of radius 3, the centre of wliich 

has for its coordinates 2 / = 0. Deduce the 

equation of such a circle from first principles (see 
p. 102). Find by calculation the radius of curvature 
and the coordinates of the centre of curvature for 
several suitable points, as accurately as possible^ and 
v’^erify that you get the known values. 

(14) Find the radius and centre of curvature ])f the 

curve 2 / = cosd at the points for which 0 = 0, 0 = ^ 
and 0 = 2 * 

(15) Find the radius of curvature and the centre of 

• tP' • 

curvature of the ellipse points for 

which ^ = 0 and at the points for which y = 0. 
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HOW TO FIND THE LENGTH OF AN ARC ON 
c A CURVE. 

SiNCJE an ai*c on any curve is made) up of a lot of 
lit tie bits ofi. straight lines joined end to end, if we 
could add all these little bits, we would get the 
length of the arc. But we have seen that to add a 
lot of little bits together is precisel}’ what is called 




length of an arc on a cur\ e 


2C7 


arc on any curve, provided that the cciuation of the 

curve is such that it lend itself to 

If MN is an arc on any curve, the Un{.th s 

1 ' if we call * ^ little 

which is required (see hig. Gba), it 

bit” of the arc <h, then we see at once that 

Ulsf = 

or either 


(Is 




1 + 




or 




Now llie arc MX is made up of (he sain pf all the 
'little bits (Is hetween 3/ and N, that is, -tween xq 
and av or between i/, and //,. so lhat w^R^t .Kh.r 

J Xl 

ThetSond integral is useful when there, are several 
points of the curve, corresponding to the given va ues 
of . 1 ,- (as in Fig G06). In this ease the integral between 
and a, leaves a doubt as tx, the Portion of the 

curve, the length of .which is required. It may Gc 
ST instead of 3f.Y. or SQ : by integrating 
y and y, uncertainty is removed, and m tins east 

one’shouid.use the second integral. ■ Porie^inn 

If instead of ar and y coordinate8,-or Carte.sian 

coordinates, as they are named 

mathemal^ian DeArtes. -^ho invented thun we 
have r aS 0 cooiBates (or pSlar coordinate^ sec 
p 219 )iXn, if J^be a small arc of length ds on 
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any curve, the length s of n'hich is required (see 
Fig. 67), 0 being the pole, then the distance ON will 
generally differ from OM by a small amount dr. If 
the small angle MON is tailed rfd, then, the polar 
coordinates of the point M being Q and r, those of N 
are (0+(i0) and {r+dr). Let MP be perpendicular 



to ONy and let OR = OM ; then RN = rfr, and this 
is very nearly the same as PNy as long as dQ is 
a very small angle. Also RM^rdQy and RM is 
very nearly equal to Pif, and the arc MN is very 
neai’ly equal to the chord MN- ^ In fact we can write 
PN=dr. PM==rd6y and arc chord MN with- 
out^ppreciable error, so that we have : 

((fo)-=i(ciiord 3I^^^PN^+PM^=dA+f^de^. 

Dividing by we get 
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hence, since the ‘length is made up of the sum of all 
the little bits rfe, between values of 6=0^, and 0 = 
we have 



We can proceed at once to work out a few examples. 

Example 1. The equation of a circle, the centre of 
which is at the origin — or intersection of the axis of 
X with the axis of y — is — find the length 

of an arc of one quadrant. » , 

and 2ydy=^—2xdj% so that = 

hence 

fiyad since y^ — r^—x^, 

The length we want — one quadrant — extends from 
a -point for which a 7 = 0 to another pointy for which 
x=^r. We express tAis by writing 

rdx 

or, more simply, by writing 



the 0 and r to the right of the sign of integration 
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merely meaning that the integration is only to be 
performed qn a portion of tlie curve, namely that 
between ,r; = 0, x = r, as we have seen (p. 210). 

Here is a fresh integnil for you ! Can you manage 
it ? ' 

On p. 171 wo have difK-rcntiated yy = arc (sina;) and 
found If vou liave tried all sorts of 

variations of the given examples (as you ought to 
hav(^ (lone!), you perhaps tried to ditferentiatc some- 
thing like = arc ^sin~^, which gave 

d}/ a , a dx 

dx “ J {n? — X-) ^ — xr) * 

that is, just the same expression as the one we have 
to integrate here. 


Hence = 
constant. 




= r arc! s 


(sin'3 + C, 


C being a 


As the integri’.tion is only to be made between 
X ='\) and X = r, we write » 

proceeding tlien as explained in Example (1), p. 211, 

f . r\ ^ f . 0 \ 

s = r arc (^sin - 1 + (7 — r arc ^sin “ j ~ C, 


T 

8 = rx^. 
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I 

since ‘arc (sin 1) is 90° or ^ and arr;(siri()) is zero, and 
the constant C disappears, as luis been shown. 

The length of the (jnadrant is therefore and 
the length of the circumference, being four times this 
18 4 X = 27ri‘. 

4 ^ 

Exdmplf 2. Find the length of the arc AB between 
= 2 and a*., = 5, in the circumference = (see 

Fig. 08). “ ' ^ 



Fig. 68. 


Here, prooeeding OvS in previous example, 

« = arc sin + (7 j = |^6 arc sin 

= 6 j^arc sin (|) -arc sin j =6 (0-9850 - 0-3397) 
= 3*8718 inches (the arcs being expressed in radians). 
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It is always well to check results' obtained by a 
new t^nd yet unfamiliar method. This is easy, for 

co 3AOA'=J=^ and cos BOX =i', 

hence AOX=m’32\ B0X = W3i\ 

and A OX - BOX = A 05 - 36" 58' 

radian = 0*6451 radian = 3*8700 inches, 

;)7*2yo8 

the discrepancy being merely due to the fact that the 
last decin^al ki logarithmic and trigonometrical tables 
is only approximate. 


Example 3. Find the length of an arc of the curve 

between a; = 0 and X = a. (This curve is the catenary.) 


a ^ ,a -i dy I .n 


rlU 


to 

4+e« +c',« — 


Now 

X X 

ea"o = 6®=sl, 80 that 8 




to to 

2 + €« +€*0 efo ?: 


we can replace 2 by 2x€^=2x€fl then 



lalNGTHOFANABCONiCTJByB tn 

= lje5rfiB + ^5€"«<*« = 2[^""^ “]■ 

Here s = 
and 

p lt> d. \ curve in hucIi that the lenf^tli of the 
Example. 4. p. (. 9 ) from P to the 

tangent at any point r tsec rig ; 



intersection T of the tangent with a fixed line ABjs 

Ja“C|X” - 

ottmscul , between the ordinates 2^=0. 

the length, when a =3, between 
andy=l- 
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We shall take the fixed lipe for the axis of a?. 
The point P, with BO — n, is a point on the curve, 
which must be tangent to 01) at /). We take OB 
as the axis of //; AB and* OB are what are called 
axes of symmetry, that is, the curve is symmetrical 
about tlicni , PT—a, PN=y^ ON=x. 

If we consider a small portion ds of the curve, at 


P, tbon sin (minus because the 

ds a 


slopes downwards to the right, see p. 79) 

rr <1^ « J J {dy 

Hence .-= — , and 

% y !/ 3 y 

that is, s- —alog^y + C. 


When s = 0, //=«, so that 0=— alogta+C, 

and (> = alogea. 

It follows that i< = alog«a— alogey=a]og,-- 

y 

When (X = 3, s between y^a and 1^=1 is therefore 

s = 3 [log, =^3 (log, 1 - log. 3) = 3 X (0 - 1-0986) . 

'= -3-296 or 3-296, 

i 

„.as the sign — refers merely to the directiqn in which 
the length ^as measured, frorii D to P, or from P 
to D. 

Note that this result has been obtained without a 
knowledge of the equation of the curve. This is 
sometimes possible. In order to get the length of an 
arc between two points given by their abscissae, how- 
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ever, it is necesSaiy to know the ecyiation of the curve ; 
this is easily obtained as follows 

—tan 0= *r— =, since PT—a\ 




hence 




The ii3te^ation will giva us a relation betvtfeei* 
and y, which is the equation of the curve 

fxAi-* -yvw ,f </// ■ f 

^ J jf ^ \ tj 

To integrate 

<'/ .. 1 xi ... 1 ?/. 


"// IX 1 x> _ 1 ?/. 

- ■ =- let ?/= , then ’■1"= — 5= — > 

ys/a-—y^ z (h z 


fto that 


y " - 


f dz 

The integral becomes - 1-7—-^--^. To integrate 

this let 1 =1* — fTw, that is, 

— 1 = — 2rt?’» 

and 0 =:,2r dv - 2a» dv — 2av dz, 

from which rephifing, we get 

f dz Cv—az 1 j 

J O' “^K-OS ” 

aJ a ^ 
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SO 




,Now, for 

/a* 
hence 


Jvrt"— v^**'— y^ 


We have then, finally, 

a- = ^ log, ^ —Ja^— if + C. 

When ./,‘ = 0, //=a, so that 0-=a log,! — O+C, and 
C=0; the equation of the tractrix is therefore 


j:’ = alog. 


a 


+ Jd^^ 


y 




If a = 3, as before, and if the length of the arc from 
£t? = 0 to x = l is required, it is not an easy matter to 
calculate the valpc of y corresponding to any given 
numerical value of x. It is. l^owever, easy to find 
graphically an approximation as near the correct 
valiie as we desire, when we are given the value of 
a as followiv * 

Plot the graph, giving suitable values to y, say 3, 
2, 1*5, 1. From this graph, find what values of y 
correspond to the two given values of x determining 
the arc, the length df which is needed, as accurately 
as the scale of the graph allows* For a?t=0, y=3 of 
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course; suppose that ior *=1 you find y=l'72 on 
the graph. This is only approximate! Now plot 
again, on as large a scale as possible, taking only 
three values of y, 1*6, 1*7* 1*8. On tliis second graph, 
which is nearly, but not quite a straight line, you 
will be probably able to read any value of y correct 
to three places of decimals, and^ this is sufficient for 
our purpose. We ffnd from the graph that 1*723 
corresponds to j'; = 1. Tlien 


3nl-723 . 


"''Kir ■■‘['“>''•3’. 

= 3(logel741-())=]*GC. 


If we wanted a more accurate value of y we fcould 
plot a third graph, taking for values of y 1*722, 1*723, 
•l‘f24, ... ; this would give us, correct to five places of 
decimals, the value of y corresponding to j'*=l, and 
so on, till the required accuracy is reached. 


Example 5. Find the length of an arc of the 
logarithmic spiral r = t® between 0=0 and 0=1 radian. 

Do you remembef differentiating y = ^ '! It is an 
easy one to remend:)er, for it remains always the same 

whatever is* done to it« ^ — ^ (see p. 143)^ 

Here, since r = 

If we reverse the process and integrate | e^dd we 
get back to r+C, the constant C bemg always intro- 
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duced by such a process, as we have seen in Chap. 
XVU. 

-It follows that 

« 

= v/ij j r (m= Vi j = V2 (e* + C). 

Inte^ratinor between the two given values 6 = 0 
and 6=1, we get 

= 1*41 X 1*713 = 2-42 inches, 
since r = e^=l inch when 6 = 0. 

Example 6. Find the length of an arc of the-^ 
logarithmic spiral r = €^ between 6 = 0 and 6 = 6i. 

As we have just seen, 

,, a = V^2| = — — 1^* . 

Example 7. As a last example ‘let us work fully a 
case leading to a typical integration which will be 
found useful for several of the exercises found at the 
end of this chapter. Let us find the expression for" 

the length of an arc of the curve = ^ 

^e=aa!, «®=|Vl+a®a!*<iB 
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then 


Integrate thVs by parts : let 

w = and dr — dir \ 

1 , a'^ a' iU* 

j‘=r and r/w= . 

by the method of differentiation ex^plaincd in Chap. IX. 

Since = 1 /’«/// (see p. 22()), we have 

Also, we can write 

hence 

• 'Adding (1) and (2) we get 
2 |-v/i + djc = ./• x/l + 


dr 
I s/ 1 + a^./^ 


(3) 


dLr' 


Remains to integrate 2 "^’ purpose, 

let = * • 

l+(fx^ = t^-i2(n%r'\-d'x^ or 1 = ~2arx. 
Differentiating this,Jk) get rid of the constant, we get 
Q^2vdi^—2avdx—2axdv or avdx-^d^—axdr; 

that is cfa- — — ; replacing in [ 

obtain «» " “ J^l+a'o^ 

f (r—ax)dy _1 f (»— qag) tfp 1 
Jav>/r+c^~t^J viv—ax)~a)v ~a 


we 
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hence -j- ^ log. {eix+s/l+ a^x^. 

^l+a^x^ « 

_ Replacing in (3) and dividing by 2 we get, finally, 

» s — + 

= ^ + ~ log, (ax + VH- a-a^), 

whicH can easily be calculated between any given 
limits. 

You ou^lit. now to be able to attempt with success 
the following exercises. You will find it interesting' 
as well as instructive to plot the curves and verify 
your results by measurement where possible. 

The integration is usually of the kind shown on 
p. 228, Ex. (5), or p. 229, Ex. (1), or p. 278, Ex. (7). 

Exerciites XXI. (For Answers, see p. 300.) 

(1) Find the length of the line 'if = Sx+2 between 
the two points for which x—\ and a’ =4. 

(2) Find the length of the line //=aar+6 between 
the 'two points for which x = <i~ acid a!= — 1. 

Find the length of the curve y=|a?» between 
the two points for which a?=0^nd a!= 1. ’ 

(4) Find ^e length of the curve y=a?* between t^ie 
two points for which x—0 and x = 2. 

(5) Find the length of the curve y=mxi* between 

the two points for which x=0 and 
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(6) Find the lengtl^ of the curves r=acosd and 
r = a 8in 0 between 0 = 0^ and 0 = 00 . 

(7) Find the length of the curve r-asecd. 

(8) Fincltlio length of the arc of tlic cur'^e 
between x = 0 and x = a. 

(9) Find the length of the arc of the curve 



between j? = 0 and a? — 4. 

(10) Find tlie length of the arc of the cdrve y — 
between a^' = 0 and a.‘=l. 

{Note. This curve is in rectangular c()ordinates» 
and is not the same curve as the logarithmic Spiral 

= which is in polar coordinates. The two equa- 
tions are similar, but the (!urveH are quite different.) 

(11) A curve is such that the coordinates of a })oint 
on it are a? = flr(0~sin 0) and ?/ = a(l~cos0), 0 Ixiing 
a certain angle which varies between 0 and 27r. Find 
the length of the curve. (It is called a cycloid } 

(12) Find the length of an arc of the curve 


between x-Q arid* x = -^- 
% 4 

> 

(13) Fiftd the expression for the lengtli ot an arc of 


the curve = — • 

a 

(14) Find the length of the ctirve between 

the two points for which a?«l and 07 = 2. 
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(15) Find the lecigth of tha curve + be- 

tween ;r = 0*and x = 

,(16) Find the length of the curve r = a(l-cos0) 
between 0 = 0 and 0 = x. * 


You have now been personally conducted over the 
frontjers into the eilchantcd land. And in order that 
you may have a handy niference to the principal 
results, the author, in bidding you farewell, begs to 
present y/)u ‘with a passport in the shape of a con- 
venient collection of standard forma (see pp. 286, 287).' 
In the middle column are set down a number of the 
functions which moat commonly occur. The results 
of differentiating them are set down on the left ; the 
results of integrating them are set down on the right. 
May you find them useful ! 



EPILOGUE AND APOLOGUE. 


It may be confidently aRsumed that when this 
tracbite “Calculus made Easy'’ falls into* the hands 
of the professional mathematicians, they will (if not 
too lazy) rise up as one man, and damn it as being a 
thoroughly bad book. Of that there can bo,* from 
.their point of view, no possible manner of doubt 
whatever. It commits several most grievous and 
deplorable errors. 

First, it shows how ridiculously easy most of the 
operations of the calculus really are. 

Secondly, it gives away so many trade secrets. By 
showing you that v^hat (me fool *can do, other Jools 
can do also, it lets* you see that these mathematical 
swells, who pride* themselves on having mas tere<4 such 
an awfully difficult jubject as the calculus, liave no • 
such great reason to be puiTed up. TlAy like you to 
think how terribly difficult it is, and don’t want that 
superstition to be rudely dissipated. 

Thirdly, among the dreadfuJ things they will say 
about “ ^ Easy ” is this : that there is an utter failure 
on the part of the author to demonstrate with rigid 
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And satisfactory coffiipleteness »the validity of sundry 
methods which he has presented in simple fashion, 
-and lias even dared to use in solving problems ! But 
why should he not? YoU don’t forbid the use of 
a watch to every person who does not know how to 
make one ? You don’t object to the musician playing 
on a violin tliat he has not himself constructed. You 
don’titoach the rules of syntax to children until they 
have already become fluent in the use of speech. It 
would be e(|ually absurd to require general rigid 
demonstrations to be expounded to beginners in the. 
calculus. 

Oiui other thing will the professed mathematicians 
say about this thoroughly bad and vicious book : that 
the reason why it is so easy is because tlie author has 
left out all the things that are really difficult. Ahd 
the ghastly fact about this accusation is that — it 
is true! That is, indeed, why the book has been 
written — written for the legion of innocents who have 
hitherto been deterred from acquiring the elements of 
the calculus by the stupid way in which its teaching 
is almost always presented. Anjf subject can be made 
repulsive by presenting it bristling* with difficultiea 
The aim of this book is to enable beginifCrs to learn 
its languafgerto acquire familiarity with its -endearing 
.simplicities, and to grasp its powerful methods of 
solving problems, without being compelled to toil 
through the intricate out-of-the-way (and mostly 
irrelevant) mathematical gymnastics so dear to the 
.unpractical mathematician. ^ 
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There are aihongst young engineers a number on* 
whose ears the adage that whai one fool can do, 
another can, may fall with a familiar sound. They 
are earnestly requested • not to give the author 
away, nor *to tell the mathematicians what a fool 
he really ia 



'table} of standard forms 


L 


dy , 


— * , 

dx 

y 

* 

Algebrai 

c. 

1 

X 

irHC 

0 

a • 

ax + C 

1 ^ 

x±a 

ix^rax + C 

a 

ax 

irt.X-2+C 

2.t; 


ix-»+C 

n.K”‘ 1 

A 9 

‘ X” 

€ 



X~^ 

log,X+C 

du ^dv ^ dtv 
dx~' dx~ (Lc*. 

+1 

+1 

^udx±^vdx±^wdx 

dv , 

’*d.-«+’’cL- 

uv 

No general form knowp 

dll dv 

r j -K 7 

ar 

u 

V 

No general form known 

da 

dx 

u 

7<x-jxcfw-fC » 

Exponential and Logarithmic. 

«* 

€* 

€*+C 

a;-* 

logc-c 

.i-(log,x-l)+(7 

0-4343 x*-' 

logjoX 

0-4343j-aog,aj-l)+(7 

^'log,a 

* a* 

. * • 


Trigonometrical. » • 

♦ 

• coso; 

sin a; 

-•oax+C * * 

-Bin.!;* • 

cos 05 

* siijx+C 

sec®.v 

tanx 

-logeCOSX+(> 


Circular (Inverse). 

1 

VO-**) 

art sin X 

X'arcsinx+s/l -x*+C 


arc coax 

• 

x•a^cco8x-^/l•*x*+0 ;- 

• 

1 

- 1+0* 

arotanx 

X • arc tan X - J log«(I +x*)+ 0 








\dy 

dx 



H3a>«t^olic. • 


coah X 
siiili rc 
sooh^.r 

siiili X 
cosh X 
taiihx* 

cosh x + C 
fdnli.v+(/ 
log, cosh a* + (7 

— « 

Miscellaneons. 

1 

.r 

b 

'*’(a±b.v/ 

a • COS ojc 

1 

a'+a 

1 

-v^a^+x-^ 

* 

1 

a ±bx 

Sin ax 

loge(x+a)+C 

log, {.r + + X-) + C 

±J^log,(a±6a’)+C 

7 f-’.+ C 

- ? cos ctx+C 
a 

•-a -sin CMC 

« 

cos ax 

- sin ax+C 
a 

asec^ojc 

tan a.ic 

- i log, cos 0x4* C 
(Z 

1 sin 2x 

bln^x 

X sin2.t’ ^ 

2" 4 

- sin 2a; 

cob'x 

X , sin 2a; , ^ 

. 2+ 4 

• 

w-sin^’^x-cosac 

1 

%m”x 

_?21£ain«-ix-<" ^ fain’”"xilx+C 

n n J 

1 

cosx 

sin^x • 
sin 2x. 
siii^x 

8in*x - cos^x 

• • 1 

sin X 

1 

Bin’-^X 

1 

log.tan'^-fCi^^ 

-c(%arfx4"C 

log, tan X 4- C 

Jco8(m - n)x - icos(m +n)x4-C 
X sin2ax, ^ 

2 ■ 4a 

X . sin 2ax ^ 

' sin'-'x • cos-^x 

n.tlnmr^eMnac+m alunz cotfiM 

2a‘8in2ax 

lAf' 

1* 

-2ci.8in2ax 

sin X- coax 

sinwiX'sinnx 

sin* CMC 

« 

co8*ax 


. flin 2ax 


oos^ax 




ANSWERS 



ExereiBes I. (p 26.) 

' 

mg-ii.” 


(8) ^-*i*^’* 

(4) ^.«4<- 

<») 

(«) 


(8)g=2o«-. 


<io) - 

m 

- 03 *• » 

n 


Exercises XL (p. 33 ) 




ANSWERS 


%9» 


Rate of of p-when t ^alle^^ 

' Ratp^ tlungb of i* When 1) Vatiea t ' 


(H) 2 t, Swr, irl, ^vrh, Sirr, 4 irr* 


SD o-oooois^ 

(IB) — 


Bxercifies III. ip. 4B ) 

(i}(a)l+i!e<^+‘f+‘^+.... (6)aias+& (c)Sx+2a. 

, '’(i^ 3a^+6a.v+3aK , 

•• (®) 

‘ *-eM04«> - 2244aj» +8l9Sb;+ 1 379, 

(tS) i85 8022664a>+ 154 36334. ^ 
/o\ 6a5*+6a?+9w* 

(i+.c+iWi‘* 





I4t-0plh024), -0-00117,-000107, -000007 

^ qj^l 


^fizercues 17. Ct*' ) 

^l>’l 7 + 24 as;^S^ , ( 2 )!^ 2 ^r« 


% 


,^T^+as+|^^^-3! l+w+jfg 


^+a/^ ’ la+a?' 




0 ) 


(c) 2 ,a 


0 . 


uu.s. 
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(2) -6,0. (3)2,0. 

(4) 66440a^-19e212iB“-4488a:+8l92. 

169320*2 _ 392424*- 4488. 

(5) 2,0. (6) 371-80453*, 371-80453. 

(7) _32_ 270 

^ (3* + 2)2’ (3*+2)'‘ 

{Examplea, p. 41) : 

/■i\ 6« fo\ 3a\^ Sb'^a 186N'a Sa^Jh 

ni ^ 1056 2-3232 16 

'' ve''’ 

(4) 810(* - 648('>+479-52<>- 139 968l!+26 64. 

3240<’- 1944^2+959 04t- 139968. 

(6) 12.^+2, 12. (6) 6*2-9*, 12*-b< 

a/'ll 'l , Ip* 1 \ 

^ U'-V-L+J ) 

8 >/^/ 8 we» 


Exercises T. (p. 64.) 

(2) 64 ; 147-2 ; and 0-32 feet per second 

(3) x—a-gt; *=-g(. (4) 451 feet per second. 

(5) 12*4 feet per second per second. Ves. 

(6) Angular velocity =11*2 radians per second ; angular ac* 

coloration = 9 Q radians per second per second. 

(7) V -= 20-4^2 - lO a a = 40’8e. 8 m./8ec., 122*4 in./sec^. 

1 1 
^ ^ ^'“30i/(f-126)?’ ““ “45^ -125?' 

(9) ^,=0-8-^-j|^, 0-7926 and 0-00211. 

(10) n«2, n«ll. 



ANSWEftS 


291 


0) 


Ezerq^MS VI. (p. 73.) 
a; 


( 2 ) 


( 6 ) 


^/a5*+ 1 
(4) — 

ga;’‘[S.?;(j^+a) -(.>!* +a)} 


n/j^‘+o*’ 2v^a+a;/ 

• J£L*- •«*_ 


(7) 


2a(.r-f0 


(x*+a)^(a:r’+a)^ (.•■+a/ 

(8) §«’. . (9)* 


Ezercisos VII. (p. 75.) 


... ^ 3,t^(3+3.<;^ 

dn' 


12.r 


(2) - = irr^— ^ 

^ v'r+ V2 + 3x>‘(v'3 + 4Vi + >/2 + 3u;*)’‘ 


— 




Exerfcises VIII. (p. 91.) 

(2) 1-44. 

^ 4 ) j numerical valdes are< 

3, 3i, 6, and 15. 

(5) ±>/%, 

d/u *4 n? ^ * 

^ where and is 

where x^l. 

(7) 7>i«* 4, 7is» —3. 

(8) Intersecttons at a;«l, «« -3. •Angles ISO"* 26', 2* 28'. 

(9) Intersection at jc=*3'67, y =®3'57. Angle 16* IG'. 

(10) £C-J, 6=-j. 
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Exercises IX. (j^. lOD.) 

(1) Min. : £C=0, |/=0; ma.x. : a;= -'J, y= -4. 

(2) .'c—a. (4) 2f>v^ square incbea 




dx (8 - o;)'^ 


(0) Max. for rc= -1 ; min. for = 

(7) Join tho middle points of tlie four sides. 


f 

(8) r = 2 ', no max. 

(9) r=R^jf^, /•=0-850()ie. 


(10) At the rate of - square feet per second. 

( 11 ) ( 12 ) 


. /:vA 


Exercises X. (p. 118.) 

(1) Max,: a;=-2'19, |/ = 2419; min.: .x = l*52, ^=-1*38. 

(3) {a) One iua.\ininm and tw’o minima. 

C^>) One maximum. (,r=0 ; other unreal.) 

(4) Min. : a;=«l*71, j/~6*14. (5) Max: ac=-*5. |/=4. 

(6>'Max. : ,^=1*414, //-I *7675. 

Min.: -1-414, 2 / - - 1 *7675. «> 

(7) Max. : x= -3-56,% y = 2 l2. 

Min. : a;= +3'565, y=l'8S. 

(8) 0-4iV, O-eN. (9)»='\/“- 

(10) Speed 8*66 nautical miles per hour. Time taken 116*47 hours* 
Minimum cost £112. 12^ ^ 
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(llXMax. and for a;=7’r), }/=*±5'414. (See example 
1)0. 10, p. 72.) • 

(12) Min. : ;c = i, y=0 '25 ; max. : - i, ■j/^V408. 


a;-3'''a; + 4' 


Exercises Zl. (p. 130.) 
1 2 


(.j) + 


, 1!) ^ 22 
f3'(£f + 3) 13(3a;‘-2y 


( 6 ) 



+ 


x-ii 


f) 

X - 4 * 


j , 1 

6(.c - i)'^Tf.(:r + 2)‘''lO(.c-3y 


,'81—^ + ~ •’ - 
' ^ 9(3.c+l) fi3(:U-2) 7(2.0+!) 


( 9 ) 


1 ,...2x+l 


3(a;-l) 3CcHa3+iy 


.X+l lU' + X + l 


2 . 1 - 2.K _ 

(12) ^ ^ . 

^ ''^-1 x - 2 ^{ x - 2f 


(13) 


1 


1 


4(.r-T)"‘ 4(a! + ] )“^2U+ \f 


f... _4 4 1 _ 

9('i1^ ;3(.r + 2)2' 


(15^ 

^ ^ x + 2 + l {xU-x^iy 

/i^s ^ . 32 ^ 

^-r(x^4y^{x+4f' 

ft ’j\ I . ^3 

' ^ 9(a«-2)»'^9(a-c-2>''^9(3a;-2y' 

1 ] X 

^^®^‘6(a:-2)'^3(x-2)»~6(a?+2x+4y 
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Exercises XII. (p. 153.) ' 

« 

(1) o6(«“+r«). (2) 2a«+| (3) log,n. 

(!) npx'T-K ( 6 ; 


0 ) 


3c 

(x- !)’“■ 


( 9 ) 


ft.'C*"* 

.c^+o’ 


(8) 6.re-«*- 6(3a;*+l)c-‘*. 


( 10 ) 


ISrc^’+ lsWa;-! 

islx 


(11) (12) a*(a.'«*->+x“log.aX 

(14) Min. . y-0'1 for aj«0*694. 

(16)^^^. (16) ^(log.fMc)*. 


Exercises XIII. ^p. 162.) 

(1) Let ‘y=a: (.. i — Sx\ and use the Table on page 159. 

(2) 5r=34’627 ; 159-46 minutes. 

(3) Take 2<— x ; and use the Table on page 159. 

(5) (a) a3*(l+logea;y; ( 5 ) 2a*(€*)* ; {c)^ 5 J,>:af(H-log«a;). 

(6) 0-14 second. (7) (a) 1*642 ; {^) 15*58. 

(8>ja=0 00037, 31- J. 

(9) i is 63*4 % 9f io, 221*55 kilometeA. • 

(10) Working as accui-ately as possible with a table of four-figure 

logarithms, jf'=0-1339, 0*1445, 0*J1553, mean «»0*1 446 ; 
percentage errors ■10*2 %, practically nil, 

(11) Min. for ic— (12) Max. for £c«c | 

(13) Min. fora;alog«a. 
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Exercises XIV. ({>. 173 .) 

(1) (i) f^=Aco.(9-l), 

(u) g^-2sin ^ooH and ^»2coa26>: 

(ill) Ssin^^cos^ and ^ -3 cos 3^. 

(2) ^=45“ or J radians. (3) -nsin2imf. 


(4) a* log, rt cos a* * (5) - tan x. 

(6) 18*2 cos (.c+26*). 

(7) The slope is ^^=^100coa((^- 15®), which is a maximum 

when (^-15®)=0, oi 6^-15®, the value of the slope 
being then =K)0 When ^—75® the slope is ' 

100 cos (75® -* 15®)= UK) tos 6(r = 100 X i « 60 

• 

(8) cos 6 sin 2^+2 cos 20 sin ^ = 2 sin 6 (cos* 0 + cos 20) 

=2 sin 0{3co»^O- 1) 

(9) amnOr~^ tan ( 0^) sec* 0^. 

(10) c*(sin*a;+8in 2a;) ; €*(8m*a;+2sin 2aj+2 cos 2x), 


■(n)(i) 


dy_ ab 

3* 


(n) 




ah 

('5*+a;*)‘ 


(12) (i) ^^secii^na;; 





^ec a; (3 sec^o; - 1 ) 

2 


(133^*4*6(2tf+3y^ 


co8(2^+3)?«. 
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(14) ^|-36>H3cos((9+3)-log,3(co8^x3'i»'"+3^). 

(15) d-coiO; 0= ±0*80; ]/= ±0-56; is max. for + 6?, min. for - 


* Exercises XV. (p. 180.1 • 

(1 ) .X* - ~ 2j/2 ; J - 2.r^ - 4xy. 

(2) iixyz + yh + ::^-y + ; 

2xpz + + *2,Tr//::- ; 

2xj/;r+.c‘-/y+x/y2+2xV“-2- ' 

(3) -{(x~rr)+(iy-?>) + (r-e;!=' “• 

( i) r/y = ^ (lV‘ 

(5) tZjy = 3 sin r K-r/u + u^coa r d (\ 

dy— H sin .n“''‘o<)s.r<?x+{siii x)“logeSii^xrftt, 

(7) Miiiiinmii for x — y--~\. • 

(8) (^ 7 ) Lnn^tl) 2 feet, width — tie} >th = l foot, vol, ~2 cubic 

feet. 

(/>) lladius ■- “! fect = 7’46 in., length = 2 feet, vol. = 2'54. 

TT 

(9) All throe parts ecpial ; the product is maximum. 

(10) ])liniiiuim =€“ for .t=j/ = 1. 

(11) Minimum =2-307 for x=J, j/=2. 

( 1 2) r$Vngle at apex - IX)” ; eq ual sides = leng^ = v FF. 


Exercises XVL (p. 190.) 
(1) IJ. (2) 0*6344. (3) 0-2624. 

(4) (a) |/=aJxHC; (5)^|/=sinx+(7. 

(5) |/=x®-|-3x+C. 
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, • Exercises XVII. (}>- 200.) 

( 1 ) ' 

o 


(4) ^ ■ 

( 6 ) 


( 2 ) + 
,(5) -2.t-^ + C 

0.> - b.r^ C.r** (j 

<~‘> - i + II + hi 


/ax •'»■“+« + bv division. TIuTofniv th.) auHiver 


is _ «.r + (f/M- «) '«gK->- + «) ^- ( '• 

^ , (See I'liges I'.ni untl :iOl.) 

(9) ^ +ar» + "J.V^^-27.r+C. (K') -J 1-' 

(11) rt2(2xUSx*)+C. 

1 '2a ^ 

4a 

(17) U>g«(l+.'») + C'. 


(, 3 ) |+?"--;^"^ + a 


(I‘J1) - ?i eos ^ - ),6' + 
t). i>\n-20 

U4) — — +<-• 

(16)it“" + C’. 

(18) •l'>.g,(i + 


Exercises XVIII. (p- 224.) 

(1) . Aroa=60 ; wean ordinatc=10. 

(2) Area = § of ^ 

(3) Area=2; meay ordinate=-=-0 C37. 

(4) Area =.1 ‘67 ; wean o^inate«0-.5. 

0-572/ 0 0476. 

(1) 1-25. (8) •79 e- 

(9) Volume =4-9348 ; (from 0 to ir).* 

(10) wlog,a, 

(12>.Arithinetical mean =9-6,; quadratic mean = 10 85. 


(6) Volume 
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(l3) Quadratic mean=^- arithmetical mean=0. 

The first iTivolvea a somewhat difficult integral, and may be 
stated thus : By definition the quadratic mean will be 

‘ Vi/.V.sin .c+^gsin Zxydx. 


Now the integration indicated by 

f (Ai^ sin^T + 2AyAsQin jr sin ^x+A^s^\T\^^x)dx 
is more readily obtained if for sin^AJ we write 
1 - cos^.r 
‘ 2 

For 2 sin x sin 3x we write cos 2x - cos 4a; ; and, for sin^So;;, 

1 - cos (Iv 
2 


Making these substitutions, and integrating, we get (see 

p. 202) 

Ax^t ain2aA , . - /sin2.r 8m4x\, A>?f sin6.i*\ 


At the lower limit the substitution of 0 for x causes all 
this to vanish, whilst at the upper limit the substitu- 
tion of 27r for x gives AjV+AsV. And hence the 
answer follows. 

t 

(14) Area is 62‘6 square units. Mean qjiMate is 10*42. 

(16) 436*3. (This solid is pear shaped.) 


Exercises XIX. 


( 1 ) 


xsfa^-x? 


+^sin->^+C. 


^233.) 

(2) V0og.a5-i)+a 



(6) 8iii(los,a;)+C7. 


(4) 8m€*-h<7. 

(6) «'(x*-2ar+2)+C., 
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( 7 ) ^(log,a!)*+‘ + C. ^ <8) log.(log.a!)+C. 

(9) 21og,(a5-l)+3log,(.r+2)+C. 

(10) i log, (a: - 1) + 1 log. (* - 21+ ft log# (x+i)+ C. 

<■>> 

(13) ilog.^+*a'oUn* + C. 

1 /Let-=t): then, in the result, 

(14) ^log.-^^ a; 

let ylr’‘-^=v-u.J 

You had better differentiate now the answer and work 
back to the given expresHion iw a check. 


Exercises XX. (p. 263.) 

_2, i,, = 3 (2) r=2-83, a:,=0, y, = S 


(4) r 
Zr' 


2, a-, = l/i = 2N'»'’'- 
when x=0, ;r,=2a, y,=0- 


( I ) r=2V2, a:, 

■(3) x= ±0-383, y=0-147. 

(6) r=2a, a:i=2a+3a:, i/i= - 

(6) When a:=0, r^y, =infinity, x, =0. 
Whenx=+0-9, r=3-3G, .t,= - 2-21„W,= +201. 

* When aj=* — 0*9^^er3*36, +2 21, y~~ -01. 

(7) Whenx=0, r^l'41, x,*l. l/i=3. 

When£g=^ r«l-41,xi=0, v,=-3. 

Minimum *1'76. • 

(8) For -2, r=112-3, Xi^lOO-^ v,= -17^ 
Forw-0, r=.T,=tfi = infi"l*'y- 
Forx=l, r=l-66, x,= -0-67, ^,*-017. 

(9) a;=-0-33, V- + 1-08- . 

(10) »“2,’ 1/=0 for all points. A circle. 

(II) Whenx=<^ r=l-86, x,»l'67, y,=017. 
^menx=l’6, r=0-366,V,>=l-69, y,=0-9a 

a;=l, 2/«l for zero curvature* 
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( 12 ) When <^ = 5, r=l, J/i-O. 

When 0-’^, r--2'5‘J8, a;,=2-285, y^=-Vi\. 
(14) Whon,^=0, 1-- 1, =0, % =0. 

When 0--^, r==2'r.98, .r, =0-7146, 2/,= -l-41. 


When 0 r=.r,=3/i---in6mty. 

' (n^M^+h'r*)’ ' A 6 “-a* 

(Ifi) 7 '='-- ' where .r=0, r= , .r,=0, 7/, 


Eierciae XXI. (p. 280.) 

(I) fl-18. (2)8=(l + tt0^ (3)8=1-21. 

(4) ff I " Vl + 4 .i-^f?.C“[|s'l •)-Ti>4-ilog.(2.'t!-4-\' i +‘hx“')]|j 
- i (il, 

(.I) 8=*-^''^'. (61 .s-=n(ft.-(',). (7) .S=v'r2-ai 

(H) » = sj 1 + ” ((,r and S = -1- a log, (1 + V2). 

(9) «=•’’.:■ ^'(.x. - 1'+^ log, {(JC - 1 ) -1- v/(.i:-l)“+T) and 

' 8 = 6 -i). 

in thtf second; tkis leads to 

S=>/nY+log. “d 8 = 2 - 00 . 

(II) 8 = 3 iajaia-^dff and 8=80. 
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( 12 )' 


*S = \fnV — 4- ^ li^e (^x + \l ^ H nd 


S =^\^2 -f ~ Jogc (I +\^2). 



(14) j,” vTTTar rfx. Let 1 + 18.r=c, express S in terms of s 

and integrate between the values of ;r eorresppniling 
to X -- 1 and x ~ 2. .v == Ti *27. 


( 15 ) 

Every earnest student is exhorted to inannf&ctiire more 
examples for himself at every stage* so as to test his powers. 
When integrating he can always test his answer by difler- 
entiating it, to see whether he gets l»ack the expression from 
w'hich he started. 

* There are lots of bdb^s whieli give examples for practice. 
Tt will suffice here to name two : lb O. Blaine’s 'fhe Oalcnlm 
and its AppUcationSy and F. M, Saxelby’s A Course m Practical 
AfathemcUics, 









